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I. ldentities

A. Anidentity is a true sentence in which x must be
in the domain of both expressions.

B. Examples:

3 3

X7l ixs1 2% _2x
5.1: Fundamental Identities x—1 x?

CSCX:L COtXZCF)ﬂ

C. The set of all values for which the identity is true
is called the domain of validity.

Il. Basic Trigonometric Identities Ill. Pythagorean Identities
A. Reciprocal Identities A. Since the sine and cosine of an angle make up
1 1 1 the legs of a reference triangle with a
cscd=—— secd=—— cotd=—— hypotenuse of 1:
sin@ cosd tand 5 . 5
sind=——— cosf@=—— tanfd=—— B. If we divide through by the cosine squared:
cotd .
coszt+sm2t_ 1 Tt an’t 7
B. Quotient Identities cos?t cos?t N cos?t +1an 1 =Sec
tan g = sin@ cotd = cosd C. If we divide through by the sine squared:
cosd sing cos’t sint 1 5 >
PRIy T |cott+1=csc t|
sin“t sin“t  sin“t

C. Pythagorean Identities D. Example 1: use the identities to find cos(x) and

tan(x) if sin(x)=1/3 and cos(x)<0.
note:we could use a reference triangle

. 2 = 2 _ L L
COSZ X + SInZ X — 1 COS™ X+SINn 2X —l but are using identities instead.
cos’x+|=| =1
1+tan® x = sec’ X @ =
cos’ x+==1 __ 22
cot® x+1=csc” x 9, o
cos? X =—
9
cosx:i&
3




22

COSX = tanzle
8
SeCX =——+=—=
22 tanx=i£
1+tan? x =sec? x 4
: 7
1+tan2x:£——3 j tanx=---
22
1+tan’x = 2
8

IV. Cofunction Identities
Note that in the triangle below,

sinezlzcos(z—ej and cosﬁzizsin(ﬁ—ej
r 2 r 2

This is true for all co-functions, and can be
generalized as follows:
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E. Example 2: Write the following expression in
terms of sin t:

sin“t +cos*t ,
sin4t+(coszt)

‘4 s 24)?

sin t+(1—sm t)
sin“t+1-2sin’t +sin*t
2sin“t —2sin®t+1

The Cofunction ldentities

cos(z—ﬁ =sind sin(z—e) =C0sé
2 2

csc[%—é’ =secd sec[%—@j =csco

cot(%—e =tand tan(%—ejzcote

V. Odd-Even Ildentities

-sind cos(—6)=cosd
)=—cscO sec(—6)=secd
tan(—¢)=—tan@ cot(—6)=—cotd

sin(-6)
csc(—6

VI. Simplifying Trigonometric Expressions
A. Example 4: Simplify each of the following:

1. (sect—tant)(sect +tant) =sec’t —tant
=(1+tan’t)—tan’t =[1]
o, Sin*t=2sint+1 _ (sint-1)’
1-sint —(sint-1)

_sint-1
-1

1-sint
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VII.Solving Trigonometric Equations

A. Example 5: Solve the following trigonometric
equations over the interval [0,2pi)

1. (secx)(cscx) =2cscx

(secx)(cscx)—2cscx =0
cscx(secx—2)=0

3 (sintjz_ 1 sin’t 1
"\ cost cos’t  cos’t cosit
_sin’t-1
cos’t
—(1—sin2t)
- cos’t
—cos’t
cos’t
2.1-3tan’x=0
1
tan®’x ==
i
tanx=+——
3
1 1
tanx =—— tanx=——
NG N
=21z (57 1r
6 6 - 6 6
x=|Z 2% Iz lx
6'6 6 6

cscx=0 secx—2=0
no solution secx=2
7 57m
X=—,—
3’3
3.sin?3x=0
sin3x=0
3Xx=0+2nx

3X=...,—2r,0,2x,4x,61,...
27 0 27 4r 6rx

B. Find all solutions to the following trigonometric
identities

1. csc® x+cscx—2=0
(cscx—1)(cscx+2)=0

cscx=1 CSCX =-2
Vs T 1lx
X=— X:—’—

2 6 6

to include all solutions, we write:

x=§+2n;r,7—”+2n;r,ﬁ+2nﬂ
2 6 6

X= T R T R R
3'3’3'3'3
X=x+2nx X=0,£,2—”,ﬂ,4—” >z
3’3 3’3
3X=...,—7,7,37,57,1x,...
x=., F % 3% 5% im
" 3131 3 L 3 ) 3 L
2. cos’x+sinx+1=0
1-sin®x+sinx+1=0
sinx—sinx—-2=0
(sinx+1)(sinx—2):0
sinx=-1 sinx=2
3z )
= no solution
to include all solutions, we write:
x=3—”+2n7r
2




5.2: Proving Trigonometric
Identities
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I.  Proving Identities

A. Steps:

1. Begin with the expression on one side of the identity
(usually start with the side that looks more
complicated)

2. Show a sequence of expressions, each of which is
clearly equivalent to the one before it.* If you don’t
know what to do, convert the entire expression into
sines and cosines

3. End with the expression on the other side of the
identity.

*you can only change one side of the identity in a given proof

B. Prove the following identities:

1. secx = cse(—x) 1 cosx
cot(—x) =Sinx sinx
cse( )] _ ~ese(x) 1 sinx
cot(-x)| —cot(x) “sinx cosx
_cse(X) __ 1
- cot(x) COS X
1 =
_sinx
COS X
sinx

3. sin*xcos x —sin® xcos x = sin® x cos® x

Isin®x cos x —sin® xcos x| = sin®x cos x(1-sin’x)

=sinxcos x(cos2 x)

=|sin®xcos® x

5 sinx_l_cosx . .
"escx | secx =SIN X-SIN X
COS X COS X . 1
vl =sinX-——

COSX CSCX
1 .
=1-CcOoSX+— SIN X
COS X =|—
2 CSC X
=1-C0s” X
=sin?x
2
) 71_tanzlefcotzx
1-sec” x
1-tan’x|  1-tan’x
1—sec®x _—(seczx—l)
_1-tan’x
T —tan®x
1 —tan®x
= +

tan?’x —tan®x
=—cot’x+1

=[1-cot’x




1/9/2012

5. —4secxtanx =

1-sinx 1+sinx

1-sinx 1+sinx
1+sinx 1-sinx

1+sinx 1-sinx

_1-sinx(1-sinx) 1+sinx(1+sinx

_1+ﬁnx(1—ﬁnxj_l—mnx(l+ﬁnxj

_1-2sinx+sin®x 1+ 2sinx+sin’ x

T 1-sin’x 1-sin’x
1-2sinx-+sin® x—(1+2sin x+sin’ x)

1-sin’*x
_1-2sinx+sin*x-1-2sinx—sin’x
cos® X
_ —4sinx 1 sinx

cos’X  cosxcosx =|—-4secxtanx

C. Disproving non-identities:

1.

You can check if identities work by graphing (see

exploration 1 on page 458).

To disprove identities, you need only find one
counterexample.




5.3: Sum and Difference
Identities

AB=CD

\/(cosv—cosu)z +(sinv—sinu)’ = \/(cosa—l)z +(sin6-0)°

€0s® U —2c0SU oSV +cos? vV +sin®u—2sinusinv +sin?v

=cos’@-2cosf+1+sin’ @
(cos?u+sin®u)+(cos® v+sin’v) - 2cosucosv—2sinusinv
=(cos® 0+sin’ 0)+1-2cos 0
2—2cosucosv—2sinusinv=2-2cosé
COSUCOSV +sinusinv = coséd

’cosu cosv+sinusinv =cos(u —v)‘
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I. Cosine of a Difference:
A. Derivation: Consider the two diagrams, (Note

that for the chords AB=CD).

B/(cosv,sinv) ]~
’

\

(cos u, sinv)

D. Example 1: Determine the value of: coss—”
12

St _3n =&

First, note that — =
12 4 3

COSS—” = Cos[3—7z —zj = 005(3—”]005(£J+sin [3—”jsin(z
3 3 4 3

12 4 4
1))
2 \2) 2 |\ 2
V2 6
VY
V62

4

)

B. Find the formula for the cosine of a sum.
cos(u+v)=cos[u—(-v)]
=cosucos(—v)+sinusin(-v)
=cosucosv+sinu(-sinv)

=|cosucosv—sinusinv]|

C. Cosine sum and difference formulas:

|cos(u +V)=Cosucosv Fsin usinv|

E. Example 2: Verify the following identities:
1. cos(z +8)=—-cos@

cos(7z +6)|=coszcosd—sinzsind
=(-1)cos@—(0)sin@

=|=cosd|




2. cos(e—%ﬁj =-sind

cos H—g—ﬂ =Cc0sdcos 3—” +sin@sin 3—”
2 2 2
=cosd(0)+sinf(-1)

il

Note: these are called reduction formulas,
since they reduce the complexity of the expression
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Il. Sine of a difference or sum

A sin(u+v)= cos[%—(u +v)}

T
=cos|| =—u|-v
(-]
- T -
=C0os| ——U |cosV+sin| =—u [sinv
(5rujeowsan 3]

=sinucosv+cosusinv

Bsmu v =C0S }

=
)
{5

=sinucosv—cosusinv

I\J\kx

l\)\k)

|sin(u J_rv):sinucosvicosusinv|

C. Example 3: Find the value of each of the
following.
1. sin(27.35")cos(2.65°) + cos(27.35 )sin (2.65")
=sin(27.35"+2.65')

=sin(30') _|L

lIl. Tangent of a difference or sum

sin(u+Vv) sinucosv=+cosusinv
A. [tan(u+v)= ( ) ——
cos(u=Vv) cosucosvFsinusinv
or
tanu ttanv
tan(u iv):—
l¥tanutanv

B. Prove the reduction formula below:

tan(%+9j =-—cotd

sin[£+0] sm[ ]cosBJrcos( ]sina
(ﬂ' 2 2 2
tan| —+60 ||= =
2 cos( +¢9j cos(ﬁjcosa—sin(ﬁjsine
2 2 2
_(Ycoso+(0)sing
" (0)coso—(1)sing
cosé
—sin@

=|~cotd)]

N~




IV. Verifying a Sinusoid Algebraically
Express the function below as a single sinusoid
f (X) = 2sin 2x +3c0s2x

asin(bx+c) = a(sinbxcosc+cosbxsinc)
=asinbxcosc +acoshxsinc

2sin2x+3cos2x = (acosc)sinbx +(asinc)cosbx

b=2

2=acosc 3=asinc
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(acosc)2 +(asin c)2 = (2)2 +(3)2
a’cos’c+a’sin’c=13
a’(cos’c+sin’c)=13

a’=13
a=+/13

let's use a = \/1—3

J13cosc =2 J13sinc=3

_ 2 3
COSC=—r= sinc =

c=cos™ (—ZfJ orc=sin" N3 13}

Exact answer:

f(x) =+/13sin2| x+ cos{%)

or

f(x) =+/13sin2 x+sin‘l£%ﬂ

Approximate:
3.606sin 2[x +0.983]




5.4: Multiple-Angle Identities
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I. Double-Angle Identities
A.

sin2u = 2sinucosu
cos’u—sin®u

cos2u =< 2cos’u—1
1-2sinu

B. Example 1: Prove the identity below:
C0S2u = cos’u —sin’u
cos2u =cos(u+u)
=cosucosu—sinusinu
=cos’u-sin®u

C. Example 2: Prove the identity below.
sec? x +sec’ x

2+sec? x—sec* x
sec’ x(1+sec’ x)

(2-sec® x)(1+sec’ x)

_sec’x

T 2-sec?x

cos” x(sec’ x)

sec2x =

" cos’ x(2—sec2 x)
_ 1 1
2c0s?x-1 ~ cog2x =Sec2x

Il. Power-Reducing Identities
A. sin?u = 1-cos2u
1+cos2u
2
tan?u = 1-cos2u
1+cos2u

cos’u =

B. Example 3: rewrite the expression below in
terms of trigonometric functions with no power
greater than 1.

2
sinx = (sin2 x)2 - (l—cost))

—2c0s2X+ cos® 2x

4
11 1(1+cos4xj

=———C0S2X+—
4 2 4 2
11 1(1+cos4x
== —-=C0S2X+—| ——
4 2 4 2

= %(3—40052x+cos4x)




Ill. Half-Angle Identities

.u 1-cosu
sin—=+
2 2
u 1+cosu
cos—=1= >

+ ll—cosu
2

1-cosu
sinu
sinu

1+cosu

tan~ =
2
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5.5: The Law of Sines

1/9/2012

I.  The Law of Sines

sinA_sinB _sinC
a b c

B. Example 1: Solve the following triangle.
B

m£C =180-31-72=77
sin31 sin72 sin77 12

112 b c .
sin31 sin72 c 31 sin77
112 b sin31 _ sin
. . 112 c
bsin31=112sin72 112sin77
_112sin72 ©" ein3l
sin31 c~2119
b~ 206.8

C. SSA: The ambiguous case
1. Given two sides and an angle, the law of sines can
give 0, 1, or 2 solutions
2. Example 2: Determine all triangles for which a=50,
b=150, and A=60 degrees.

sin60 _sinB 33 .
50 150 — =sinB
150sin60 .
T B o-sn’{ 52)-0
3(\/§]=sin8
2 since —1<sin'x<1
no solution

3. Example 3: Determine all triangles for which b=520,
¢=952, and B=13 degrees. C 2432

sinl3 sinC B 130
=— b=520
520 952 a=453.74
952sin13 inc asLa0L45 A142.68°
————=sin
520 €=952 ¢ 155.68°
. =952
0.41183~sinC -

24.32 0r155.68=C

B

A 11.32°

*. we have 2 possible triangles

4. Example 5: Determine all triangles for which a=10,
¢=20, and A=30 degrees.

sin30 sinC o
=— we have the following right triangle
10 20
sinC = 20sin30 C‘ b:10\/§ A
10 90° 30°
inC=2 1 =
S = E a=10 =20
sinC =1 60°
c=90 8




Il. Applications
Two lighthouses at points X and Y are 40 kilometers
apart. Each has a visual contact with a fishing boat
at point Z. If the angles are as given below, how far
is the fishing boat from lighthouse Y?

X
mZZXY =20°30',mLZYX =115 20°30"
mZ£Z =180-20"30'-115" = 44°30"
sin44°30' sinl115 40 km
40 y
40sin115

=————~|51.72km

Y= Sinaa30 Y

44°30°
z
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5.6: The Law of Cosines

B. Derivation

C (xy) (xy)
. Syt
b
s a b a

: e Ro e Ro
In each of the three cases above,
X Yy .
—=C0Sa —=SIna
b b
x=bcosa y=Dbsina
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I. Deriving the Law of Cosines
A. Let triangle ABC be any triangle with sides and

angles labeled in the usual way. Then:
a’=b*+c®—2bccos A
b? =a®+c?—2accosB
¢’ =a’+b*—2abcosC

Using the distance formula:
a= (x—c)2+(y—0)2
a?=(x—c) +y?
a’= (bcosa—c)2 +(bsin a)2
a’ =b?cos’a—2bccos A+c?+Db’sin’a
a” =b?(cos” a+sina) - 2bccos A+c?

a’=b?+c?—2bccos A

Since we chose the sides generally,
it is true for any set of sides and angles

C. Example 1: Solve the triangle with the following
sides and angles. g =300,b=225,C =51
¢? =3007 + 2257 — 2(300)(225)cos51

¢’ ~55666.75 [c ~235.94

3007 ~ 2257 + 235.94% — 2(225)(235.94)cos A

90000 ~ 50625 + 55666.75—-106172.11cos A ,.
-16291.75~-106172.11cos A
0.153~=cos A A

B~180-51-81.17=|47.83

Il. Triangle Area
A. Suppose that you know two sides of a triangle
and the included angle. The area of the triangle
is given by the formula

A:a—bsinC
2
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B. Proof:
We draw a perpendicular segment from the vertex
opposite side a. We have:

sinC:n h
a |

asinC =h ¢ °

Area :lbh =1absinC
2 2

QED

C. Example 2: Find the area of a triangle with sides
of length 22 feet and 31 feet, with an included
angle of 37 degrees.

A:a—bsinC
2

A Msinﬂ
2

A~ 205.22 ft?

D. Heron’s Formula: Suppose that a triangle has
side lengths g, b, and c¢. Then the area of the
triangle is given by the formula below.

A:\/s(s—a)(s—b)(s—c)

where S:%(a+b+c)

E. Example 3: Suppose that a triangle has sides of
length 12 cm, 15 cm, and 11 cm. Use Heron’s
formula to estimate the area of the triangle.

s=%(12+15+11) =19

Area =,(19(19-12)(19-15)(19-11)
Area = \/W
Area =~/4256
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