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H Section 5.1 Fundamental Identities

Exploration 1
1. cos O = 1/sec 0, sec & = 1/cos 6, and tan 6 = sin 6/cos 6
2. sin @ = 1/csc § and tan § = 1/cot 0
3. csc O = 1/sin 0, cot 6 = 1/tan 6, and cot # = cos 6/sin 6

Quick Review 5.1
For #1-4, use a calculator.
1. 1.1760 rad = 67.380°
. 0.9273 rad = 53.130°
. 2.4981 rad = 143.130°
. —0.3948 rad = —22.620°
. > — 2ab + b* = (a — b)?
LAt +du+ 1= Qu+ 1)
L 2x% — 3xy — 2y7 = (2x + y)(x — 2y)
L 207 — 50— 3= (20 + 1)(v — 3)

0 NN AW N

10.

- LA
11. =(x+y)- X+ = xy

= =]

12. . - . =

Section 5.1 Exercises

1. sec’d = 1 + tan?9 = 1 + (3/4)> = 25/16, so sec § = £5/4.

Then cos § = 1/sec 0 = +£4/5. But sin 0, tan § > 0 implies
cos 6 > 0,so cos § = 4/5. Finally,

3
tan 6 :Z
sing 3
cos 0 _Z
. 3 3/4 3
sin 6 =Zcose :Z(§> =§.

2.sec?0 =1+ tan’0 = 1 + 3% = 10,s0 sec § = +\/10.
But cos § > 0 implies sec § > 0, so sec § = V0. Finally,
tanf =3
sect
csch

V10 =

csc 6 —lsece —1
3 3

=

. tan’0 = sec®d — 1 =4> — 1 =15,s0tan 6 = i\/B.

But sec 6 > 0,sin § < 0 implies tan 8 < 0, so
tan @ = —\/15. Finally cot § = 1/tan 0 = —1/\V/15 =

-V 15/15.

. sin%0 = 1 — cos?0 = 1 — (0.8)> = 0.36,s0sin § = +0.6.

But cos 6 > 0, tan # < 0 implies sin § < 0,
so sin § = —0.6. Finally, tan § = sin 6/cos § = —0.6/0.8 =
—0.75.

. cos(m/2 — 0) =sinf = 045

6. cot § = tan(w/2 — 0) = —5.32

7. cos(—0) = cos 6 = sin(7/2 — 6)
= —sin(f — 7/2) = —0.73
8. cot(—0) = —cot § = —tan(w/2 — 6)
= tan(f — 7/2) = 7.89
sin x .
9. tan x cos x = +CcOSXx = sin x
0S X
10. cot x tan x = cF)sx LSmx 1
sin x CcoS X
T 1
11. in| — — = . =1
sec y sin (2 y> cos y cos y
12. cotu sinu = C?S ‘€. sinu = cos u
sin u
1+ tan®x sec?x l/cos® x sin? x 2
13. 3 = 7= = > = tan“ x
csc” x csc” x 1/sin” x cos” x
14, 1 —'cos20 _ si'nzO —ino
sin 6 sin 6

15.

16.

17.

18.

19.

20.

21.
22.

23.

cos x — cos® x = cos x(1 — cos® x) = cos x sin’ x

sinfu + tan’u + cos’u 1 + tan’u  sec’u

= = = secu
secu secu secu
sin x csc(—x) = sin x + e =1
sec(—x) cos(—x) = m ccos(—x) =1
G-
T cos (—x) s\
cot(—x) cot| = — x| = — .
2 sin (—x) (77 >
sin| — —x
2
_cos(—x) sin(x)
~sin(—x) cos(x)
cos (—x) sin(—x
cot(—x) tan(—x) = — (%) . (=) =
sin (—x) cos (—x)
sin?(—x) + cos’(—x) = 1
sec’(—x) — tan’x = sec?x — tan’x = 1
aw
tan (* - x) csc x )
2 cot x COS X SIn x
= = . = COS X

csc? x cscx sinx 1
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204 Chapter 5 Analytic Trigonometry

1+ tanx sin x cos x sin x cos x + sin®x

1+ cotx sinxcosx sinxcosx + cos?x

sin x(cos x + sin x)
= : = tan x
cos x(sin x + cos x)

25. (sec?x + csc? x) — (tan? x + cot? x)

= (sec?x — tan’x) + (csc?x —cot?x) =1+1=2

2. sec?u — tanu :1: 1

cos?v + sin*v 1

sin x Cos X
+

27. (sin x)(tan x + cot x) = (sin x)(coS < na

, (sin2 x + cos? x) 1
=sinx : =
(cos x)(sin x) cos x

= sec x
. T
28. sin # — tan 0 cos O + cos E_M

. sin u . .
=sinf ——-cosu + sinf = sin 6
cos u

29. (sin x)(cos x)(tan x)(sec x)(csc x)

. sin x 1 1 sin x
= (sin x)(cos x) - =
cos x /\ cos x /\sin x cos x

= tan x

30 (secy — tan y)(secy + tan y)
) secy

( 1 _siny)( 1 +siny)
cosy cosy/\cosy cosy
1
(cosy)

1+ siny — siny — sin’y cosy_lfsinzy
cos? y 1 cosy

cos? y

= = cos
cos y Y

tan x tan x

31.
csc?x  sec?x

sinx ), ., sin x )
=|——])@6in"x) + | —— ) -cos” x
cos x cos X

sinx ), ., 3 sin x
= (sin® x + cos”x) = = tan x
Cos X cos x

SeC2 X CSC X COS2 x sinx

“sec?x + st x 1 1
PIo B
cos? x sin? x

1 cos? x sin? x sin x

- S = = sin x
cos’x -sinx sin®x + cos® x 1

1 sec’ x ) 1

5 T s =CsCT X ————
sinx  tan’x ) (sm x)

33.

34
1+ sinx

1+ sinx
(1 — sin x)(1 + sin x)
2 2

= = > =2sec? x
1 —sin“x cos“x

"1 —sinx
1 —sinx
(1 — sin x)(1 + sin x)

35.

36.

37.

38.

39.
40.
41.

42,

43.

44,

45.

46.

47.

48.

49.

50.

51

sin x sin x

olr  colr (sin x)(tan® x) — (sin x)(sec? x)

= (sin x)(tan® x — sec? x) = (sin x)(—1) = —sin x

1 1 _secx +1—secx +1
secx —1 secx +1 sec?x — 1
2
= —5—=2cot’x
tan” x
sec x sin x sec x cos x — sin® x 1 — sin® x
sinx  cosx sin x cos x sin x cos x
cos® x COS X
= = = cotx

sin x cos x sin x

sin x L Ll-cosx sin? x + (1 — cos x)?

1 — cos x sin x sin x(1 — cos x)
2(1 — cos x)

~ sinx(1 — cos x)

sinf®x + cos x> + 1 — 2 cos x _

sin x(1 — cos x)
=2cscx
cos?x + 2cos x + 1 = (cos x + 1)
1 — 2sinx + sin?x = (1 — sin x)?
1—2sinx + (1 —cos?x) =1 — 2sinx + sin® x
= (1 — sin x)?
sinx —cos?x — 1 =sinx + sin®x — 2
= (sinx — 1)(sin x + 2)
cosx —2sin?x +1=cosx — 2+ 2cos’x + 1
=2cos’x + cosx — 1= (2cosx — 1)(cos x + 1)

+1=sin®x + 2sinx + 1

sin® x +
cscx
= (sinx + 1)

4 .
4tan’® x — ot x + sin x csc x
cot x

=4tan’x — 4tan x + sin x -

sin x
=4tan’x —4tanx + 1 = (2tan x — 1)?

sec?x —secx + tan’x = sec’x — sec x + sec’x — 1
=2sec’x —secx — 1 = (2secx + 1)(secx — 1)

1 —sinx (1 —sinx)(1 + sin x)

: = - =1-—-sinx
1+ sinx 1+ sinx
tanfa — 1 (tana — 1)(tana + 1)
= =tana — 1

1+ tan« 1+ tan«

sinx 1 —cos’x (1 —cosx)(1 + cos x)
1+ cosx 1+ cosx 1+ cosx
=1-cosx

tanx  seclx — 1  (secx — I)(secx + 1)

secx +1 secx+1 secx + 1
=secx — 1

(cos x)(2sin x — 1) = 0, so either cos x = 0 or
1
sin x = E.Thenx = g + nworx = % + 2nm or

S . .
X =" + 2nm, n an integer. On the interval:
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52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

(tan x)(\/i cos x — 1) = 0,so either tan x = 0 or

1 T
cosx = ——=Then x = nmorx = iz-i- 2nr, n an

V2

7
integer. On the interval: x = {0, %, W,TW}

(tan x)(sin’x — 1) = 0, so either tan x = 0 or

. T .
sin?x = 1.Then x = nworx = B + nmr, n an integer.

T
However, tan x excludes x = B + nar, so we have only

Xx = nm, n an integer. On the interval: x = {O, 77}

(sin x)(tan? x — 1) = 0, so either sin x = 0 or tan® x = 1.

T T .
Then x = nmorx = n + ng, n an integer. Put another

. T T 37
way, all multiples of n except for iE’ i7, etc.

On the interval: x = {O,f

tan x = i\/g, sox:ig-l-nw,naninteger.
27 47 S

On the int I x = —_—

n the interval: x { ,3,3,3}

. 1
sSinx = £+——=,s0x =

V2

S 7
On the interval: x = { : Tﬂ-, TW’ Tﬂ-}
1
(2cos x — 1)? = 0,50 cos x = > therefore

T .
x = i? + 2n, n an integer.

(2sinx + 1)(sinx + 1) = 0,sosinx = —5or
5
sin x = —1.Then x = —% + 2nm, x = —% + 2nar or
ar .
x=— + 2nm, n an integer.
(sinu)(sinu — 2) = 0,sosinu = 0 orsin u = 2.Then

u = n,n an integer.
3sint =2 — 2sin’*t,or 2sin’t + 3sin¢ — 2 = 0. This

1
factorsto (2sin¢ — 1)(sin¢ + 2) = 0,s0sint = ) or

5
sint = —2.Then ¢ :%+2nﬂ'ort :%—i-Zmr,

n an integer.

cos(sin x) = 1if sin x = na. Only n = 0 gives a value
between —1 and +1,so sin x = 0,0or x = nw, n an
integer.

This can be rewritten as (2 sin x — 1)(sin x + 2) = 0,s0
1
sin x = Eorsinx = —2.Then x = % + 2nm or
S . .
x = o + 2n7r, n an integer. See also Exercise 60.

63.

64.

65.

66.

67.

68.

69.
70.
71.
72.
73.

74.
75.

76.

71.

78.

79.

80.

81.

82.
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cos'0.37 ~ 1.1918, so the solution set is
{£1.1918 + 2nm|n = 0, £1, £2, . . . }.

cos'0.75 ~ 0.7227, so the solution set is
{£0.7227 + 2nm|n = 0, £1, £2, . . . }.

sin™10.30 ~ 0.3047 and = — 0.3047 ~ 2.8369, so the solu-
tion set is {0.3047 + 2n or 2.8369 + 2nw|n = 0,

+1, £2, ...}

tan™'5 ~ 1.3734, so the solution set is {1.3734 + n|
n=0,=%1,+2,...}

V0.4 ~ 0.63246, and cos 0.63246 ~ (.8861, so the solu-
tion set is {£0.8861 + nw|n = 0, £1, £2, . . . }.

V0.4 ~ 0.63246 and sin'0.63246 ~ 0.6847, so the solu-
tion set is {£0.6847 + nw|n = 0, £1, £2, . . . }.

V1 - cos? 6 = |sin 6]
Vian?o + 1 = |sec 6|
V9sec?§ — 9 = 3|tan 6]
V36 — 36sin? 6 = 6|cos 6
V8l tan?0 + 81 = 9fsec |
V100 sec? § — 100 = 10|tan 6|

True. Since cosine is an even function, so is secant, and
thus sec (x — 7/2) = sec (/2 — x), which equals csc x
by one of the cofunction identities.

False. The domain of validity does not include values of 6
for which cos & = 0 and tan 6 = sin 6 /cos 6 is undefined,
namely all odd integer multiples of 7 /2.

tan x sec x = tan x/cos x = sin x/cos® x # sin x. The
answer is D.

sine, tangent, cosecant, and cotangent are odd, while
cosine and secant are even. The answer is A.

(sec + 1)(sec® — 1) = sec*@ — 1 = tan” 0. The answer
is C.
By the quadratic formula, 3 cos>x + cosx — 2 = 0

implies
1+ V1 -403)(-2)
cosx = 26)
2
=—lor.

3
There are three solutions on the interval (0, 277). The
answer is D.

sin x

b
V1 — sin® x

sinx,cosx = £\V1 —sin®x,tan x = +

1 1
CSC X = —; ,SeC X = +—F———,
S x V1 — sin® x
V1 — sin® x
cotx = +——F7—.
sin x
. 3 1 — cos? x
sinx = +V1—cos"x,cosx,tanx = +————,
coSs X
1 1
CSCX = —F———,secx = s
V1 — cos® x cos x
coS X
cotx = =+

V1 — cos’x
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206 Chapter 5 Analytic Trigonometry

83. The two functions are parallel to each other, separated by
1 unit for every x. At any x, the distance between the two
graphs is sin? x — (—cos® x) = sin’ x + cos’ x = 1.

ﬂﬂ[ﬁﬂ

[=2,27] by [—4,4]

84. The two functions are parallel to each other, separated by
1 unit for every x. At any x, the distance between the two
graphs is sec? x — tan?x = 1.

JU&{UU&

[=2m,27] by [—4,4]

85. (a)

[—6,70] by [220 000, 260 000]

(b) The equation is
y = 13,111 sin (0.22997x + 1.571) + 238,855.

[~6,70] by [220 000, 260 000]

(¢) (27)/0.22998 ~ 27.32 days. This is the number of days
that it takes the Moon to make one complete orbit of
the Earth (known as the Moon’s sidereal period).

(d) 225,744 miles

(e) y = 13,111 cos (—0.22997x) + 238,855, or
y = 13,111 cos (0.22997x) + 238,855.
86. Answers will vary.
87. Factor the left-hand side:
sin*u — cos*u = (sinu — cos® u)(sin® u + cos® u)
= (sin®u — cos®u) - 1
= sin®u — cos’u
88. Any k satisfying k = 2 or k = —2.
89. Use the hint:
sin (7 — x) = sin (7/2 — (x — 7/2))
cos (x — m/2)
cos (/2 — x)
sin x Cofunction identity

Cofunction identity
Since cosine is even

90. Use the hint:
cos (m — x) = cos (w2 — (x — 7/2))

= sin (x — 7/2) Cofunction identity
= —sin (7/2 — x) Since sine is odd
= —cos x Cofunction identity

91. Since A, B, and C are angles of a triangle, A + B =
7 — C.So:sin (A + B) = sin (7 — C)

=sin C
92. Using the identities from Exercises 89 and 90, we have:
sin (7 — x)
tan(m — x) = ————
cos (m — x)
_ sinx
—Cos X
= —tan x

B Section 5.2 Proving Trigonometric
Identities

Exploration 1
1. The graphs lead us to conclude that this is not an identity.

[—2m, 2] by [—4, 4]

2. For example, cos(2 - 0) = 1, whereas 2 cos(0) = 2.
3. Yes.
4. The graphs lead us to conclude that this is an identity.

[=2,27] by [-3, 3]

5. No. The graph window cannot show the full graphs, so
they could differ outside the viewing window. Also, the
function values could be so close that the graphs appear
to coincide.

Quick Review 5.2

1 1
1. cscx + sec x = — + =
sinx  cosx

sin x + cos x

sin x cos X

sinx cosx sin®x + cos®x

2. tan x + cot x = + — = -

cosx  sinx sin x cos x

_ 1
sin x cos x
1 . 1 cos® x + sin® x
3. cos x - — + sin x * = -
X coS X sin x cos X
_ 1
sin x cos x
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7.
8.
9.
10.
11.
12.

. cos 0
sinf+—— — cosf -
sin 6 cos 6

sin x

1/sin x

1/cos a

sin 6 .
=cosf — sméb

cos x .
= sin’x + cos’x = 1

1/cos x

sin « 1 sina

COs o

_ 1 —sin’a

cos’a/sina  cos’a  cos’a

CoS"«

No. (Any negative x.)

Yes.

No. (Any x for which sin x < 0, e.g., x = —7/2.)

No. (Any x for which tan x < 0, e.g., x = —7/4.)

Yes.
Yes.

Section 5.2 Exercises
1. One possible proof:

X3_X2

x(x* = x)

— - D)= (P -

=x2—x—(x2—1)
=—x+1

=1-x

1 1

x 2

2x

x—2

. One possible proof:

SHRe

. One possible proof:
X’ — 4 _

-9
x+3

:(x+2)(x—2)_(x+3)(x—3)

x =2

x +3

=x+2—(x—3)

=5

. One possible proof:

x-—DExE+2)—(x+1(x—-2)

=x’+x-2-(x*-x-2)

=2 +x—-2-xX>+x+2

=2x
2 2
sin“x + cos“x 1 .
S. = = sin x. Yes.
csC X csc x
tan x sin x cos x .
6. = . = sin x. Yes.
sec x COS X 1
COS X cosx  cos®x
7. cosx-cotx = .= = — . No.
1 sin x sin x

10.
11.

(-3 ) e
. COS | X B Cos 2 X s x. Yes.

. . sin’x
. (sin’x)(1 + cot’x) = (sin’x)(csc’x) = ——
sin’x

No. Confirm graphically.

(cos x)(tan x + sin x cot x)

sin x .
=Cosx*—— + cosxsinx -
COS X

s x

= sin x. Yes.

X . 2
= sin x + cos“x

12.

13.

14.

Section 5.2 Proving Trigonometric Identities 207

(sin x)(cot x + cos x tan x)

. COS X . sin x
=smx+——— + SINnXCOS X *
sin x C

= cos x + sin® x
0S X

(1 —tanx)>=1—-2tanx + tan’*x

=(1+tan’x) — 2tanx = sec’ x — 2 tan x

(cos x — sin x)? = cos®> x — 2sin x cos x + sin® x

= (cos® x + sin®> x) — 2sin x cos x = 1 — 2 sin x cos x

15. One possible proof:
(1 —cosu)(1 + cosu) 1 — cos’u
cos’u cosu
_sinfu
cos’u
= tan’ u
sin x 1 sin x + 1
16. tan x + sec x = + =
COSX  COSX CoS X
cosx(sinx +1) cosx(sinx + 1) coSs X
cos? x 1 — sin’x 1 —sinx
cos’x — 1 —sin’x sinx . .
17. = = — +sin x = —tan x sin x
COS X CoS X COoS X
18 sec’0 —1 tan’0 1 <sin0>2_ sin 6
) sin 6 sin 0 sinf \cos®f cos?6
_ sinéd
1 — sin’6

19.

(1 = sin B)(1 + csc B)

=1+ cscB — sin B — (sin B)(csc B)
1+ csc B — sin B — (sin B) (ﬁ)
1+cscB—sin—1

csc B — sin B

20 1 N 1 _ (1 + cosx)+ (1 — cos x)
"1—cosx 1+cosx  (1— cosx)(l+ cosux)
2 2
= =5 =2csc¢’x
1 —cos“x sin“x
21. (cost — sint)* + (cost + sin t)?

= cos’t — 2 costsint + sin’t + cos’¢
+ 2costsint + sint = 2cos’t + 2sin’t = 2

22. sina — cos’a = (1 — cos’a) — cos’a = 1 — 2 cos’a
1+ tan®x sec? x
23— S = = sec’x
sin“x + cos” x 1
1 cos sinb  cos’B + sin’
24, + tan B = — A + = B - A
tan 3 sin83 cosb cos Bsin B
1
= ——F—— =secfcsc
cos B sin B B A
2 22
cos cos 1 — sin
25 B B B

"1+sinB cos B(1 + sin B) - cos B(1 + sin B)
(1 —sinB)(1 +sinB) 1—sinp
cos B(1 +sinB)  cosfB
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26.

27.

28.

29.

30.

31.

32.

33

34.

35.

36.

One possible proof:

secx +1  (secx + 1) (secx — 1)
tanx  tanx(secx — 1)
sec?x — 1

tan x(sec x — 1)

sin x
. tan® x _ Cosx  cosx
_tanx(secx—l)_i_ COs X

CoSs X
_ sinx
"1 - cosx
tan® x sec?x — 1 1
secx+1:secx+1:Secx_lzcosx_
1 —cosx
"~ cosx
cotv —1 cotv—1 tanv _cotvtanv — tanv
cotv+1 cotv+1 tanw cotvtanv + tan v
= 1-tanv (Note: cot v tan v = Cf)sv LA 1.)
1+ tanw sinv CosS v

5 5 cos x '\’ 5
cot*x — cos“x = - — COS“Xx
sin x

cos? x(1 — sin®x) ,  cos’x
= M oty 22t

- = X
sin? x sin? x

cos? x cot’ x

. 0 2
tan’0 — sin’6 = (sm ) — sin’6

cos 0
sin?6(1 — cos?6) .,
=————> —— =sin"f-

cos” 0
= cin? 2
= sin“6 tan” 0
cos*x — sin*x = (cos? x + sin’ x)(cos” x — sin® x)
= 1(cos® x — sin? x) = cos® x — sin’ x

tan? f(tan’ ¢ + 1) = (sec’t — 1)(sec??)

sin? 6
cos? 6

tan*¢ + tan’*t =
=sec't — sec*t
(xsina + ycos @)* + (x cos a — y sin a)?

= (x*sin’> @ + 2xy sin @ cos @ + y*cos’ a)

+ (x*cos’ @ — 2xy cos a sin @ + y?sin® «)
x*sin® a + y? cos? @ + x*cos’ a + y?sin® a
= (¥ + y))(sin’ @ + cos’ @) = ¥* + y?

1—coso  1- cos? 6 _ sin®6
sin 0 sinf(1 + cosf)  sin 6(1 + cos )
_ sin@
1+ cosé
tanx  tanx(secx + 1) tan x(sec x + 1)
secx — 1 sec?x — 1 tan? x
secx + 1 .
= — . See also Exercise 26.
tan x
sin ¢ 1+ cost sin?t + (1 + cos t)?
1+ cost sin ¢ (sin¢)(1 + cost)

24+ 2cost
(sin t)(1 + cost)

sin?t + 1 4+ 2cost + cos?t
(sin £)(1 + cost)

2
—— =2csct
sin ¢

38.

39.

sin x + cos x

sinx — cosx _ (sinx — cos x)(sin x + cos x)

(sin x + cos x)?

. .2 .2
sin?x — cos’ x _sin’x — (1 = sin’x)

sin®x + 2sin x cos x + cos®x 1 + 2sin x cos x
2sin’x — 1

"1 + 2sinxcos x

1+cosx 1+ cosx secx secx + cosxsecx
1 —cosx 1 —cosx secx secx — COSXSecx

_secx +1

—— (Note: cos x sec x = cos x - =1.)
secx — 1 cos x

sin ¢ 1+ cost sin¢ + (1 + cos t)(1 — cos t)
1 — cost sint (sin £)(1 — cost)
_sin?f + 1 —cos’t 1 —cos’t + 1 — cos®t
(sin £)(1 — cost) (sint) (1 — cost)
2(1 = cos’r)  2(1 + cost)
(sinr)(1 — cost)
sin A cos B + cos Asin B

sin ¢

* cos A cos B — sin A sin B

41.

42.

43.

44.

45.

46.

1
cos A cos B . sin A cos B + cos Asin B
1 cos A cos B — sin A sin B
cos A cos B
sin A
I +
cosA cosB

sin A sin B

sin B
tan A + tan B
1 — tan A tan B

cos A cos B
sin? x cos® x = sin’ x cos x cos x
= sin® x(1 — sin? x)cos x = (sin* x — sin* x)cos x
sin® x cos® x = sin* x cos’ x sin x
(sin? x)? cos® x sin x = (1 — cos® x)*cos® x sin x
(1 —2cos’x + cos? x)cos X sin x
= (cos’x — 2 cos* x + cos® x)smx
s
=

cos’ x = cos x cos x = (cos? x)?cos x
1- s1n x)?cos x = (1 — 2 sin’x + sin* x) cos x

sin® x cos® x = sin® x cos® x cos x
= sin® x (1 — sin x)cos x = (sin® x — sin’ x)cos x
tan x cot x
1—cotx 1-—tanx
_ tanx sin x cotx  cosx
1 —cotx sinx 1—tanx cosx

cos” x/sin x_\sin x cos x

sin® x/cos x
sinx — COSX  COSX — sinx/sinxcosx
sinf*x — cos®x

sin x cos x(sin x — cos x)
sin®x + sin x cos x + cos®x

sin x cos x
1 + sin x cos x 1
= - = — +1=cscxsecx + 1.
sin X coS X sin x cos x

This involves rewriting > — b® as
(a — b)(a* + ab + b?), where a = sin x and b = cos x.

cos x cos x
1+sinx 1—sinx
_(cosx)[(1 —sinx) + (1 +sinx)]  2cosx
B (1 + sin x )(1 — sin x) 1 —sin?x
2 cos x
=——> =12secx
cos® x
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2 tan x 1
47. 5 3
1 —tan“x 2cos'x — 1
_ 2tanx  cos’x 1
1 — tan’x cos’x  cos’x — sin’x
2sinxcosx  cos’x + sin’x
cos’x — sin’x  cos’x — sin’x
_ 2sinxcosx + cos’x + sin’x
(cos x — sin x)(cos x + sin x)
(cos x + sin x)? cos x + sin x
(cos x — sin x)(cos x + sinx) cosx — sinx
48 1 —3cosx —4cos’x (1 + cosx)(1 — 4cosx)
sin’x 1 — cos’x
(1 +cosx)(1 —4cosx) 1 —4cosx
(1 + cos x)(1 — cos x) 1 — cos x

49. cos’x = (cos?x)(cos x) = (1 — sin®x)(cos x)

50. sec’x = (sec’x)(sec*x) = (1 + tan?x)(sec®x)
4

51. sin’x = (sin*x)(sin x) = (sin? x)*(sin x)

= (1 — cos®x)*(sin x)
= (1 — 2 cos’>x + cos*x)(sin x)
1 + si
52. (b) divide through by cos x: —
cos x

1 sin x
= + = sec x + tan x.
COSX  COSX
53. (d) multiply out: (1 + sec x)(1 — cos x)
=1 — cosx + secx — Sec x cos x
1 1

cosx  cosx
Lo Lo cos’x _ sin‘x

=1-—cosx + ©COS X

1 —cosx +
coSs X CoS X coSs X

sinx . .
= *sln x = tan x sin x.
COoS X

54. (a) put over a common denominator:

1 \? 1 \?
2 2 —
Ser+CSCx—( )+( )
COS x sSin x

cos? x sin® x cos? x sin

= sec? x csc? x.

_sin?x + cos’x 1 (1 1 \?
- 5 .

cos x sin x

55. (¢) put over a common denominator:

1 4 1 1 -—-sinx+1+sinx
1+sinx 1-—sinx 1 — sin’x
2
=—5—=2sec x.
COS” X
. .. . 1
56. (¢) — multiply and divide by sin x cos x: —————
tan x + cot x
_ sin x cos x _ sinxcosx
sinx cosx\, . sinx + cos®x
— 4+ = (sin x cos x)
cosx  sinx
sin x cos x .
=f= sin x cos x.
57. (b) — multiply and divide by sec x + tan x:
1 secx +tanx  secx + tanx

secx —tanx secx + tanx sec’x — tan®x
_secx + tanx

1
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58. False. There are numbers in the domain of both sides of

the equation for which equality does not hold, namely all
negative real numbers. For example, V/(—3)? = 3, not —3.

59. True. If x is in the domain of both sides of the equation,

then x = 0. The equation (\/);)2 = x holds for all x = 0,
so it is an identity.

60. By the definition of identity, all three must be true. The

answer is E.

61. A proofis

sin x sin x 1+ cosx

1—cosx 1—cosx 1+ cosx
sin x (1 + cos x)

1 — cos® x

sin x (1 + cos x)

sin® x

1+ cosx

sin x
The answer is E.

62. One possible proof:

in 6
tanf + sech = sm 1
cosf + ——
cos 0
_sinf +1
cos 0

sinf +1 sinf — 1
cos 0 ' sinf — 1
sin?6 — 1
cosf (sinf — 1)
—cos?
cosf (sinf — 1)
—cos 0
sinf — 1
_ cosb
1 —siné
The answer is C.

63. k must equal 1,s0 f(x) # 0.The answer is B.

. . coSs x
64. cos x;sin x cot x = sin x * —; = cos X
sin x

sin x

65. sin x;cos x tan x = cos x * = sin x

sinx cosx  sinx coSs X

66. 1; cscx  secx l/sinx  1/cos x

=sin’x + cos?x = 1

cscx cotxcscx l/sinx  cos x/sin®x

67. 1;— - = — —
sin x sec x sin x 1/cos x
1 cos’x 1 —cos’x sin’x
= . 2 ) = ) = 2 = 1
sin“x  sin“x sin” x sin” x
sin x sin x
68. cos x; = = COS X

tan x  sin x/cos x

)z(cos2 x)=1

70. Since the sum of the logarithms is the logarithm of the
product, and since the product of the absolute values of
all six basic trig functions is 1, the logarithms sum to In 1,
which is 0.

. 13 (sec® x)(1 — sin® :(
69. 1; (sec” x)( sin® x) p—
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210 Chapter 5 Analytic Trigonometry

71. If A and B are complementary angles, then
sinA + sin’B = sin’A + sin’(7/2 — A)
= sinA + cos’A
=1
72. Check Exercises 11-51 for correct identities.
73. Multiply and divide by 1 — sin ¢ under the radical:

\/1—sint 1-sint _ [(1—sino)?
1 +sint 1 —sint

1 — sin%¢

1 —sint)> |1 — sint
:M( s;n):| |since\/¢?:|a|.
cos?t |cos ¢|

Now, since 1 — sin¢ = 0, we can dispense with the
absolute value in the numerator, but it must stay in the
denominator.

74. Multiply and divide by 1 + cos ¢ under the radical:

\/l-l-cost 1-i-cost_\/(1+cosl)2
1 —cost 1+ cost 1 — cos?t

1+ cost)> |1+ cost
=1/( ,CZOS) =| , |since\/¢?=|a|.
sin’¢ |sin ¢]

Now, since 1 + cos ¢t = 0, we can dispense with the
absolute value in the numerator, but it must stay in the
denominator.

75. sin®x + cos®x = (sin’x)* + cos®x
= (1 — cos’x)* + cos®x
= (1 —3cos’x + 3cos*x — cosx) + cos®x
=1 —3cos’x(1 — cos’x) = 1 — 3 cos® x sin® x.

76. Note that a®> — b> = (a — b)(a® + ab + b?). Also
note that a*> + ab + b*> = a* + 2ab + b* — ab
= (a + b)* — ab. Taking a = cos’x and b = sin’ x,
we have cos® x — sin®x
= (cos*x — sin®x)(cos*x + cos’ x sin® x + sinx)
= (cos*x — sin®x)[(cos® x + sin®x)*> — cos®x sin® x]
= (cos’x — sin®x)(1 — cos® x sin®x).

|sin x|

77. One possible proof: Injtan x| = In
|cos x|

= In|sin x| — In|cos x|.
78. One possible proof:
Injsec @ + tan 6] + In|sec & — tan | = In|sec?# — tan>6)
=Inl
=0.
79. (a) They are not equal. Shown is the window
[—27, 27,] by [-2, 2]; graphing on nearly any viewing
window does not show any apparent difference —
but using TRACE, one finds that the y-coordinates
are not identical. Likewise, a table of values will
show slight differences; for example, when x = 1,
y; = 0.53988 while y, = 0.54030.

\U/\k\jf

[—27, 27 ] by [-2,2]

(b) One choice for 4 is 0.001 (shown). The function y;
is a combination of three sinusoidal functions
(1000 sin(x + 0.001), 1000 sin x, and cos x), all with
period 27r.

A
7

[—2m, 2] by [~0.001, 0.001]

1 1
80. (a) cosh?x — sinh’*x = Z(e" + e™)? - Z(ex — )2

1
= Z[ez" +24+ e — (¥ -2+ )]

(b) 1 — tanh’x = 1 — sinh’x _ cosh’x — sinh’x

cosh’x coshx
= osh using the result from (a). This equals sech? x.
cosh”x
(© cothx — 1 cosh’x cosh’x — sinh’x
c) coth’x — 1 = — -1l=——
sinh%x sinh%x

1
= ———, using the result from (a). This equals csch? x.
sinh“x

81. In the decimal window, the x-coordinates used to plot the
graph on the calculator are (e.g.) 0, 0.1, 0.2, 0.3, etc. — that
is, x = n/10, where n is an integer. Then 10 7x = m7n, and
the sine of integer multiples of 7 is 0; therefore,
cos x + sin 107rx = cos x + sin7n = cos x + 0

. 1
= cos x. However, for other choices of x, such as x = —,
a

we have cos x + sin 10 wx = cos x + sin 10 # cos x.

H Section 5.3 Sum and Difference Identities

Exploration 1
1. sin (u + v) = —1,sinu + sinv = 1. No.
2. cos (u + v) = 1,cosu + cosv = 2. No.

3. tan (7/3 + @/3) = —\/3,tan w/3 + tan /3 = 2\/3.
(Many other answers are possible.)

Quick Review 5.3
1. 15° = 45° — 30°
2. 75° = 45° + 30°
3. 165° = 180° — 15° = 180° + 30° — 45° = 210° — 45°

a T T o o
YT T AT .
S T m 2T
S Ye 4T3
Ta 4w 3w @7 @
6. =+ =+
12 12 12 3 4

7. No. (f(x) + f(y) =Inx + Iny = In (xy)
—f(xy) # f(x + )
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8. No. (f(x + y) = & = &'’
=f() f(y) # f(x +y))

9. Yes. (f(x + y) = 32(x + y) = 32x + 32y
=f(x) + f(y)

10. No. (f(x + y) =x +y + 10
=fx) +y# fx) + f(y)

Section 5.3 Exercises
1. sin 15° = sin(45° — 30°)
= sin 45° cos 30° — cos 45° sin 30°
V2 VA Vi1 Ve-Va
2 2 2 2 4
tan 45° — tan 30°
1 + tan 45° tan 30°
1-V33 3-V3 (3- V32
- = - =2-V3
1+V33 3+\V3 9-3
3. sin 75° = sin (45° + 30°)
= sin 45° cos 30° + cos 45° sin 30°
V2 V3 Vi1 Ve 42
"2 2 T2 2T a

4. cos 75° = cos (45° + 30°)
= cos 45° cos 30° — sin 45° sin 30°

_V2 V3 V21 Ve-V2

2. tan 15° = tan(45° — 30°) =

2 2 2 2 4
o a aw v a .To, T
5 COSE:COS(E_Z) =cos§cosZ+sm§st
_1. V2 V3 V2 V2t Ve
2 2 2 2 4
6 smlT:sm(z%—z =sinzcosz+coszsinz
12 3 4 3 4 3 4
VA VI L V2 VenVa
2 2 2 2 4
57 (277 77) tan (27/3) — tan (7/4)
T.tan— =tan| — — | =
12 3 4 1 + tan (27/3) tan (w/4)

“V3-1 V341 (V3+1)2
= = = =2+V3
1-V3  V3-1 3-1
8 ¢ 11771-_t (2l+l)_ tan (27/3) + tan (7/4)
SR TR T 4 ) T 1 tan (2a3) tan (n/4)

12
VBl 1-V3 o a-VE?E
S 1+V3 1+V3 o 1-3 S Vi

9. cos [T — (51,z>
.COSlZ—COS 6 4

7COS6COS4 S 6S 47 ) B B

L e
10.sm( 12>—sm(6 4>

—sin T cos” — cos Fsin ™ = L
SIg COSTy — oS gsy =5 2 2
V2-Ve

4

In
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#11-22, match the given expression with the sum and

difference identities.

11
12

13.

14.
15.
16.

17.

18.

19.
20.
21.
22.

23.

24.

25.

26.

27

28,

. sin (42° — 17°) = sin 25°
. cos (94° — 18°) = cos 76°

sin (E + E) = sinh
5 2 10

tn(ﬂ—l)—tn(zl)

M5 3) 7" U

T T
COS(X"‘E)
7

sin (3x — x) = sin2x
cos (7y + 3y) = cos 10y
tan (2y + 3x)

tan 3a — 2PB)

. ( 77') . T .o
sin| x — — ) = sin x cos — — cos x sin —
2 2 2
=sinx-0—cosx+1= —cosx
Using the difference identity for the tangent function, we
T L. .
encounter tan > which is undefined. However, we can

sin (x — 7/2)

o
compute tan | x — — | = —— . From Exercise
P ( 2) cos (x — m/2)
. T . . ..
23, sin (x - 5) = —cos x. Since the cosine function is

o o .
even,Ccos | x — 5 = COS E — X | =S8SInx (see

Example 2, or Exercise 25). Therefore this simplifies to
—Cos X

; = —cot x.
sin x

T T .
cos | x —— ] = cos x cos — + sin x sin -
2 2 2

=cosx 0 +sinx-1=sinx

The simplest way is to note that
(z—x)— =T x- —z—(x+ ), so that
5 y=5 y=5 ¥)s

cos K% - x) - y} = cos {g - (x + y)}.Now use
Example 2 to conclude that cos {g - (x + y)}
= sin (x + y).

. o . T .
. sIn x+g :SIHXCOSg-l‘COSXSlng

. 3 1
=sinx*——+ CosSx-—

2 2
.cos(x—%) :cosxcos%-l- sinxsin%
2. V2 V2 .
=cosx-7+smx-7=7(cosx+smx)
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212 Chapter 5 Analytic Trigonometry

29.

30.

31.
32.
33.
34.
35.

36.

37.

38.

39.

40.

41.

42,

43.

( 77-) tan 6 + tan (7/4) tan6 + 1
tan| 0 + — | = =

4 1 —tanftan (w/4) 1 —tan6-1
1+ tand

1 —tané
cos (6 + %) = cosf)cos% — sianing
=cosf-0—sinu-1= —sinb
Equations (b) and (f).

Equations (c) and (e).

Equations (d) and (h).

Equations (a) and (g).

Rewrite as sin 2x cos x — cos 2x sin x = 0; the left side
equals sin(2x — x) = sin x, so x = n, n an integer.

Rewrite as cos 3x cos x — sin 3x sin x = 0; the left side
o
equals cos(3x + x) = cos 4x,s0 4x = 3 + nm; then
™ + il an integer
X=—-+n—,nani .
g "4 &

s'n(Tr ) sin 7 cos cos 7 sin

in| —— u | =sin_ u— —sinu

2 2 2

=1-cosu — 0-sinu = cos u.

Using the difference identity for the tangent function, we
T D .

encounter tan > which is undefined. However, we can

T sin (7/2 — u) cos u

compute tan{ — —u | = = — = cot u.
2 cos(m/2 —u) sinu

Or, use exercise 24, and the fact that the tangent function

is odd.
t(ﬂ' ) cos(m/2 —u) sinu
cotl ——u | = =
2 sin (7/2 —u) cosu
first two cofunction identities.

sec( T ) 1 1
T _u) = =

2 cos (/2 —u) sinu
first cofunction identity.

csc(z - ) = ! -
2 ! sin (7/2 —u) cosu
second cofunction identity.

cos +z = oS ) — s in(Z
X > X COS > sin x sin 2

=cosx-0—sinx-1
= —sin x

= tan u using the

= csc u using the

= sec u using the

To write y = 3 sin x + 4 cos x in the form
y = asin (bx + c), rewrite the formula using the formula
for the sine of a sum:
y = a((sin bx cos ¢) + (cos bx sin c))
asin bx cos ¢ + a cos bx sin ¢
= (a cos ¢)sin bx + (asin c)cos bx.
Then compare the coefficients:acos ¢ = 3,b = 1,
asinc = 4.

Solve for a as follows:

(acosc) + (asinc)® = 3% + 42
a’cos’c + a’sin’c = 25
a*(cos’c + sin’c) = 25

a* =25
a= %5

44,

45.

46.

47.

48.

49.

50.

If we choose a to be positive, then cos ¢ = 3/5 and
sin ¢ = 4/5.¢ = cos 1(3/5) = sin"!(4/5). So the sinusoid is
y = Ssin(x + cos }(3/5)) & S5sin (x + 0.9273).
Follow the steps shown in Exercise 43 (using the formula
for the sine of a difference) to compare the coefficients in
y = (acos c¢)sin bx — (a sin ¢)cos bx to the coefficients in
y=5sinx — 12cosx:acosc = 5,b = 1l,asinc = 12.
Solve for a as follows:
(acosc) + (asinc)?* = 5% + 122

a?(cos’c + sin’c) = 169

a= %13

If we choose a to be positive, then cos ¢ = 5/13 and
sin ¢ = 12/13. So the sinusoid is
y = 13sin (x — cos }(5/13)) ~ 13 sin (x — 1.176).
Follow the steps shown in Exercise 43 to compare the
coefficients in y = (a cos ¢)sin bx + (a sin ¢)cos bx to the
coefficients in y = cos 3x + 2sin3x:acosc = 2,
b=3,asinc = 1.
Solve for a as follows:

(acosc)? + (asinc)? = 1% + 22
a?*(cos’c + sin’c) = 5

a::l:\/S

If we choose a to be positive, then cos ¢ = 2/ \/5 and
sin ¢ = 1/V/5. So the sinusoid is
y= V5 sin (Bx — cos71(2/\/5))
~ 2.236 sin (3x — 0.4636).
Follow the steps shown in Exercise 43 to compare the
coefficients in y = (a cos ¢)sin bx + (a sin ¢)cos bx to the
coefficients in y = 3 cos 2x — 2sin2x = —2sin2x +
3cos2x:acosc = —2,b=2,asinc = 3.
Solve for a as follows:
(acosc) + (asinc)? = (—2)* + 32

a*(cos’c + sin’c) = 13

a:i\/ﬁ

If we choose a to be negative, then cos ¢ = 2/ V13 and
sin ¢ = —3/\V/13. So the sinusoid is
y=-V13sin 2x — cosfl(Z/\/B))
~ —3.606 sin (2x — 0.9828).
sin(x — y) + sin(x + y)
= (sin x cos y — cos x sin y) + (sin x cos y + cos x sin y)
= 2sin x cos y

cos(x — y) + cos(x + y)
= (cos x cos y + sin x sin y) + (cos x cos y — sin x sin y)
= 2cos xcosy

cos 3x = cos[(x + x) + x]

= cos(x + x) cos x — sin(x + x) sin x

= (cos x cos x — sin x sin x) cos x

— (sin x cos x + cos x sin x) sin x

= cos® x — sin® x cos x — 2 cos x sin® x

= cos® x — 3 sin® x cos x
sin 3u = sin[(u + u) + u] = sin(u + u) cosu +
cos(u + u) sinu = (sin u cos u + cos u sin u) cos u +
(cos u cos u — sin u sin u) sin u = 2 cos® u sin u +
cos’usinu — sin’u = 3 cos® usinu — sin’u
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51.

52.

53.

54.

5S.

56.

57.

58.

59.

60.

61.

62.

cos 3x + cos x = cos(2x + x) + cos(2x — x);use
Exercise 48 with x replaced with 2x and y replaced with x.
sin 4x + sin 2x = sin(3x + x) + sin(3x — x); use
Exercise 47 with x replaced with 3x and y replaced with x.
tan(x + y) tan(x — y)

<tanx +tany> (tanx —tany>
B 1 — tan x tan y 1 + tanx tan y
tan® x — tan’

= ————————— since both the numerator and
1 — tan” x tan” y

denominator are factored forms for differences of squares.

tan 5u tan 3u = tan(4u + u) tan(4u — u); use Exercise
53 with x = 4uand y = u.

sin (x + y)
sin (x — y)
sin x cos y + cos x sin y
B sin x cos y — cos x sin y
sinxcosy + cosxsiny 1/(cosxcosy)
~ sin xcos y — cos x sin y ’ 1/(cos x cos y)
_ (sin x cos y)/(cos x cos y) + (cos x sin y)/(cos x cos y)
" (sin x cos y)/(cos x cos y) — (cos x sin y)/(cos x cos y)
_ (sin x/cos x) + (sin y/cos y)
~ (sin x/cos x) — (sin y/cos y)
_tanx + tany
~ tanx — tan y
True.If B = m — A, then cos A + cos B

=cos A + cos (m — A)

= cos A + cos m cos A + sin 7 sin A

cos A + (=1)cos A + (0)sin A = 0.

False. For example, cos 37 + cos 47 = 0, but 37 and 47
are not supplementary. And even though

cos (37 /2) + cos (37/2) = 0,3 /2 is not supplementary
with itself.

If cos A cos B = sin A sin B, then cos (A + B) =

cos A cos B — sin A sin B = 0.The answer is A.

y = sin x cos 2x + cos x sin 2x = sin (x + 2x) = sin 3x.
The answer is A.
sin 15° = sin (45° — 30°)
= sin 45° cos 30° — cos 45° sin 30°
(%))

2 2
_Ve-V2
4
The answer is D.

2

2

tanu + tan v .
For all u, v, tan (u + v) = . The answer is B.

1 — tanu tan v

sin (u + v)

tan(u + v) = ———
cos (u + v)

sin u cos v + cos u sin v

COS 1 COS ¥ — sin u sin v

sin u cos v COS u Sin v
_ COSUCOSV  COSUCOS D
"~ COS U cos v sin u sin v
COSU COSV  COS U COS ¥

Section 5.3 Sum and Difference Identities

63. tan(u — v)

sin u sin v
+

cosu  Cosv
sin u sin v

COS 1 COS ¥

tanu + tan v

1 — tanu tan v

sin (u — v)

cos (u — v)

Sin u# coS ¥ — COS u Sin v

COS U COS ¥ + sin u sin v

sinucosv  cosusinv
COS U COSV  COS U COS ¥
cosucosv  sinusinv
COS U COSV  COS U COS ¥

sin u sin v

cosu COos v

sin u sin v

* COS U COS ¥
tanu — tan v
1+ tanutanv

213

64. The identity would involve tan(%), which does not exist.

t ( + T
an| x -
2

65. The identity would involve tan(3

( 37
tan{ x — —

2

sin (x + h) — sin x

. ( 7T>
B sin | x + 5
cos| x + E

. T . T
smxcosE + cosxsmz

T . . T
COS)CCOSE — SIn x S -

sinx+0+ cosx-1

cosx-0—sinx-1
= —cotx

2

~ smy| x — 7
Cos | x 7

. 37 . 37
sin X cOs —— — €OS X sin ——
2 2

3 . . 3w
COS X COS 7 + sin x sin 7

sinx -0 — cosx-(-1)

cosx+0 + sinx - (-1)

= —cotx

), which does not exist.

__sinxcosh + cosxsinh — sin x

h

h

sin x(cosh — 1) + cos xsin &

h

. (cosh—])
= sin x T + cos x

Copyright © 2015 Pearson Education, Inc.
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cos(x + h) —cosx cosxcosh — sinxsinh — cosx 71.tanA+tanB+tanC=SinA sinB _ sinC
h h cosA cosB cosC
cos x(cosh — 1) — sin xsin k _ sin A(cos B cos C) + sin B(cos A cos C)
B h B cos A cos B cos C
cosh — 1 . sinh N sin C(cos A cos B)
Coosx h s x h cos A cos Bcos C
68. The coordinates of all 24 points must be _ cos C(sin Acos B + cos Asin B) + sin C(cos A cos B)
kr km B cos A cos Bcos C
fork =0,1,2,...,23. We onl
(COS<12) s1n<12)) o U cony cos Csin (A + B) + sin C(cos (A + B) + sin A sin B)

need to find the coordinates of those points in Quadrant I, cos A cos B cos C

because the remaining points are symmetric. We already cos Csin (m — C) + sin C(cos (m — C) + sin A sin B)
know the coordinates for the cases when k = 0,2,3,4,6 =

since these correspond to the special angles.

cos A cos B cos C

T o - ~ cos Csin C + sin C(—cos C) + sin C sin A sin B
k=1 cos(lz) :cos(g—z) :cos<§)cos (Z) - cos A cos B cos C
sin A sin B sin C
1 2 3 2 =
+sin<§)sin(z>=2-\2/+\2/-\2/ cos A cos Bcos C

tan A tan B tan C

72. cos A cos B cos C — sin A sin B cos C
— sin A cos Bsin C — cos A sin Bsin C
cos A(cos B cos C — sin Bsin C)
— sin A(sin B cos C + cos B sin C)

_V2+ Ve

|4

=
7 N
—_
[\
N~

2

=
7 N
w3

|
EN
—

Il

&.

=
7 N
w3y
—

)

o

w1
7N
ENE
~

Il

T T\ V3 V2 V21 = cos Acos (B + C) —sin Asin(B + C)
—sin| pjeos| )= —m - 0y =cos(A + B+ C)
= cos 7
=3£%%y§ _
5 3r 73. This equation is easier to deal with after rewriting it as
k = 5:cos (E) = cos (T - 5) cos 5x cos 4x + sin Sx sin 4x = 0. The left side of this

equation is the expanded form of cos(5x — 4x), which of

= cos <31) cos (E) + sin (37T> sin (ﬂ) course equals cos x; the graph shown is simply y = cos x.
4 3 3 The equation cos x = 0 is easily solved on the interval

21 2 V3 Ve-\2 - 3
I + 5 Ty T 4 [-27,27):x = :tE or x = iT' The original graph is so
sin (Sl) = sin (31 _ E) crowded that one cannot see where crossings occur.
12 3
: (3
= sin

4

T A 37

™) - an(2)eos(37) NN S
3 ( \/i) V2 + Ve

s e AVALY

Coordinates in the first quadrant are (1, 0),

(\@Jr\/é \/—\6)(\/5 1)’ V2 \/i) —2m, 2] by [-1.1, 1.1]

4 ’ 4 2 2

(1 \/§) (\/_\/i \/2+\/6) 0.1) 74.x=acos(%+5)
5 , (i

’ o cos (2 ) cos 5 = sin (221 ) sns|
ajcos | =~ | cos s T )3

69. sin (A + B) = sin (7 — C)
2t 2art
(a cos 8) cos (%) + (—asin 8) sin (%8)

= sin 77 cos C — cos 7 sin C
=0-cosC — (—1)sinC

=sinC
75. B = By, + By
70. cos C = cos(m — (A + B)) £ E
= cos m cos(A + B) + sin 7 sin(A + B) =0 0s (wt _ Lx) + %0 (wt + Lx)
= (=1)(cos A cos B — sin A sin B) ¢ c ¢ ¢
+ 0-sin(A + B) E

0 wXx . . WX
= — | coswt cos— + Ssin wf sin —
c c c

sin A sin B — cos A cos B
wXx . . WX
+ cOos wt coS — — SsIin wi SIn —
c c

E() wX E() wX
=—|2coswtcos— | =2—cos wtcos —
C [ C C
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H Section 5.4 MuItipIe-AngIe Identities 10. View the triangle as two right triangles Wlth hypotenuse
3, one leg 1, and the other leg — the height — equal to

Exploration 1 VE_T-\E-22

,m 1 — cos(m/4)

1. sin
8 2 Section 5.4 Exercises
_ 1 - (\/2/2) 2 1. cos 2u = cos(u + u) = cos u cos u — sin u sin u
2 2 = cos’u — sin*u
_2- V2 2. Starting with the result of Exercise 1: cos 2u =
4 cos’u — sin*u = cos’u — (1 — cos’u) = 2cos’u — 1
LT 2 —\2 V2 - V2 3. Starting with the result of Exercise 1:
Z.sing= & s 5 cos 2u = cos*u — sinu = (1 — sin®u) — sin*u =
- 1—2sin*u
We take the positive square root because — is a first- tanu + tanu 2tan u
8 4. tan 2u = tan(u + u) = = 5
quadrant angle. I —tanutanu 1 - tan"u

97 1 - cos (9m/4) 5.2sinxcos x — 2sin x = 0,50 2 sin x(cos x — 1) = 0;

3.sin2? 5 sinx =0orcosx =1whenx =0orx = .
6. 2sinxcosx —sinx =0
:1(2\/5/2)2 sin x(2 cos x — 1) = 0,
1
Sosinx = 0orcosx =~
_2-V2 in x x=5
! when x = 0, =, 7, or o
=0, ,m 0or—.
asin )T - 2-V2  V2-\V2 373
) 8 4 2 ' 7. 2sin’x + sinx — 1 = 0,50 (2sin x — 1)(sin x + 1)
. 1 . ™
We take the negative square root because T is a third- = 0;sinx = ) orsin x = —1 when x = s
quadrant angle. 57 _ 3w
X=—orx=—.
6 2
Quick Review 5.4 8.2cos’x —cosx —1=10,50(2cos x + 1)(cos x — 1)
1
1. tan x = 1 when x = % + nar, n an integer. = 0;cos x = Tyorcosx = 1 when x = 0,
- LA
2.tanx=flwhenx=fZerr,naninteger. = 3 orx = 37
3. Either cos x = 0 or sin x = 1. The latter implies the 9. 2 sin x cos x — 0% = , SO ST (2cos’x — 1) = 0,0r
- cos x cos x
former, so x = — + n, n an integer. i 2
2 & %zO.Thensinszorcost:O
4. Either sin x = 0 or cos x = —1. The latter implies the for- - 3
mer, SO X = n7r, 1 an integer. (butcos x # 0),sox =0, x = Z,x = T,x =,
- sinx = —cos x when x = —- + na, n an integer. x="rorx="1
6. sin x = cos x when x = — + nr, n an integer. 10. 2 cos’ x + cos x = 2cos’ x — 1,s0cos x = —1;
cos x = —1 when x = 7.
. . 1 1 _m
7. Either sin x = —-or cos x = Y Then x = i 2nr or For #11-14, any one of the last several expressions given is an
Sar 2 answer to the question. In some cases, other answers are pos-
X = o +2nmorx = =+ 3 + 2nr, n an integer. sible as well.
5 3 11. sin 20 + cos § = 2 sin 6 cos § + cos 0
8. Either sin x = —1 or cos x = T.Then X =" + 2nmr = (cosH)(2sinh + 1)
- 12. sin 20 + cos 20 = 2 sin 6 cos § + cos® § — sin’0
orx = iz+2n7r,naninteger. =2sinfcos@ + 2cos’ — 1

=2sinfcosh + 1 — 2sin’ 6
1 1 13. sin 26 + cos 36
gles; the area is then A = (2)(3) + E(l)(S) + 5(2)(3) = 25sin f cos § + cos 26 cos § — sin 26 sin 6
= 2sinf cos f + (cos’> @ — sin? A) cos § — 2 sin® @ cos O
= 2sinfcos O + cos’ — 3 sin® O cos @
=2sinfcos@ + 4 cos’6 — 3 cos 6

9. The trapezoid can be viewed as a rectangle and two trian-

= 10.5 square units.
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216 Chapter 5 Analytic Trigonometry

14. sin 36 + cos 20
= sin 260 cos 6 + cos 20 sin @ + cos> § — sin® @

28. With u = 2x, this becomes cos u + cos 2u = 0, the same

. . T _5m
= 25sin @ cos>f + (cos®f — sin® ) sin § + cos?@ — sin’f as Exercise 23. This means u = p U= U=y s ete. —
= 3sin f cos’ § — sin’ @ + cos* @ — sin* @ ) a 2 - o 5
ie.,2x = 3 + n?.Thenx = g,x = E’X = 5
15. sin 4x = sin 2(2x) = 2 sin 2x cos 2x
T 37 117
X=—x=—x=—
16. cos 6x = cos 2(3x) = 2 cos’3x — 1 6 2 6
29,
17. 2 csc2x = ,2 = — 2
sin2x 2 sin x cos x
1 sin x N
=5 " = CsC” x tan x r \] "l\"\/
sin“x COS x
2 2(1 — tan®x 1 _
18. 2 cot 2x = = ( ) = — tan x [0.2x] by [-60.60]

19.

20.

21.

22.

23.

24.

25.

26.

27.

tan 2x 2 tan x

=cotx — tan x

sin 3x = sin 2x cos x + cos 2x sin x = 2 sin x cos® x
+ (2 cos* x — 1) sin x = (sin x)(4 cos®> x — 1)

sin 3x = sin 2x cos x + cos 2x sin x

= 2sin x cos®> x + (1 — 2 sin” x) sin x
= (sin x)(2 cos? x + 1 — 2sin” x)

= (sin x)(3 — 4sin® x)

cos 4x = cos 2(2x) = 1 — 2sin® 2x
=1 — 2(2sin x cos x)> = 1 — 8sin® x cos® x

sin 4x = sin 2(2x) = 2 sin 2x cos 2x
= 2(2 sin x cos x)(2 cos’ x — 1)
= (4sin x cos x)(2 cos®> x — 1)

1
2cos’x + cosx — 1 =O,socosx=florcosx=§,
Bl
3

ar
x=§,x=7-r0rx=

cos2x +sinx =1 — 2sin?x + sinx = 0, so

. 1 . 1 T T 117

sinx=1lorsinx=—x=—_—,x=—,0rx =—
2’ 2’ 6’ 6

cos 3x = cos 2x cos x — sin 2x sin x

(1 — 2sin® x)cos x
— (2 sin x cos x)sin x
= cos x — 2sin® x cos x
— 2 sin® x cos x
= cos x — 4 sin® x cos x
Thus the left side can be written as 2(cos x)(1 — 2 sin? x)
= 2 cos x cos 2x. This equals 0 in [0, 277) when
_m T 3 S0 3w k

Using Exercise 19, this become 4 sin x cos® x = 0, so

T 37
x:0,x:5,x:7-r,orx:7.

sin 2x + sin 4x = sin 2x + 2 sin 2x cos 2x

= (sin 2x)(1 + 2 cos 2x) = 0.Then sin 2x = 0 or

1
cos 2x = —5; the solutions in [0, 277) are

30.

31.

32.

33.

34.

35.

36.

37.

The solutions are {0.314, 1.57, 2.83, 4.08, 4.71, 5.34} which
correspond to {0.17, 0.5, 0.97, 1.3, 1.57, 1.777}.

N A
‘\/UU

[0,27] by [-60,60]

The solutions are {0.94,2.20, 3.46, 4.71, 5.97} which
correspond to {0.37, 0.77r, 1.17, 1.5, 1.97}.

/17c0530 l 1_7

= :ta V2 — V/3 . Since sin 15° > 0, take the positive

sin 15° =

square root.

Lo V3
1 — cos390° 2
sin390° 172
that tan 195° = tan 15°.

1 + cos 150° 1
75° = 4| —— = ,lf 1——
cos > 5

1
=4 5 V2 — V3. Since cos 75° > 0, take the positive

—2—\/Note

tan 195° =

square root.

57 i\/1—cos(5w/6)_i\/1(1+\fa)
Sm12 2 ) 2

5
=z 5 V2 + V/3. Since sin % > (), take the positive

square root.
an 77 1 —cos(7ml6) 1+ V32
an — = =

= -—2- V3.
12 sin (77/6) =12 V3

Tr—i 1+cos(71'/4)_i 1(1+\/§>
COSTg T 2 ~ V2 2

1
= :ta V' 2 + V2. Since cos% > (), take the positive

square root.

1
(a) Starting from the right side: E(l — cos 2u)

1

= 5[1 - (1 - 2sin*u)] = %(2 sin® u) = sin*u.
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1
(b) Starting from the right side: 5(1 + cos 2u)
1 2 1 2 2
= 5[1 + 2cos"u —1)] = 5(2 COS™ U) = COS” U.

2 _
, _osinfu (1 = cos2u)/2 _ 1 —cos2u
38. (a) tan”u cosu (1 4+ cos2u)2 1+ cos2u

(b) The equation is false when tan u is a negative number.

It would be an identity if it were written as
1 — cosu
tanu| = /| —.
1+ cosu
1 2
39. sin* x = (sin® x)* = {E (1 — cos 2x)}

1
= Z(l — 2cos 2x + cos?2x)

%{1 — 2cos 2x +%(1 + cos4x)}

1
§(2—4cos2x+ 1 + cos 4x)

(3 — 4 cos2x + cos 4x)

0|

1
40. cos® x = cos x cos’ x = cos x * 5 (1 + cos 2x)
1
=3 (cos x)(1 + cos 2x)
1
41. sin’® 2x = sin 2x sin® 2x = sin 2x * 5 (1 — cos 4x)
1 .
=3 (sin 2x)(1 — cos 4x)

1 2
42. sin® x = (sin x)(sin? x)? = (sin x) {E (1 — cos 2x)}

1
1 (sin x)(1 — 2 cos 2x + cos’ 2x)

1 1
1 (sin x) [1 — 2 cos2x + 5 (1 + cos 4x)]

1
=3 (sin x)(2 — 4 cos 2x + 1 + cos 4x)

1
=3 (sin x)(3 — 4 cos 2x + cos 4x).

Alternatively, take sin® x = sin x sin* x and apply the
result of Exercise 39.

1 —
43, cos’ x = 7505 x,s02 cos?x + cos x — 1 = 0.Then
1 . T
cosx = —lorcosx = > In the interval [0, 27), x = 3

S . T
X =,0orx = 3 General solution: x = i? + 2nm or

X = ar + 2nr, n an integer.

1+ cos x
4. 1 — cos’ x = f,so?,coszx +cosx—1=0.
1 .
Then cos x = —1 or cos x = > In the interval [0, 27),
T S .
X = 3 X =mT,0rx = 3 General solution:
T .
X = j:g + 2nm or x = w + 2nar, n an integer.

45.

46.

47.

48.

49.

50.

51

52.

Section 5.4 Multiple-Angle Identities 217

The right side equals tan?(x/2); the only way that

tan(x/2) = tan®(x/2) is if either tan(x/2) = 0 or

tan(x/2) = 1.1In [0, 27), this happens when x = 0 or
T

S

. The general solution is x = 2n or

T .
x = B + 2n, n an integer.

1 —cosx
2
[0,27), x = 0. General solution: x = 2n, n an integer.

= cosx — 1,s0 cos x = 1. In the interval

False. For example, f(x) = 2 sin x has period 27 and
g(x) = cos x has period 27, but the product
f(x)g(x) = 2 sin x cos x = sin 2x has period 7.

1+ 2
True. cos’x = %
1 1
= ) + 5 cos 2x

_ 1 <1_2)+1
—2SIII ) X B

(49
2° S 2

The last expression is in the form for a sinusoid.

f(2x) = sin 2x = 2 sin x cos x = 2 f(x)g(x). The answer
is D.

sin 22.5° = sin (45 )
2
/1 = cos 45
B 2
1 =V22
2
_ 2-V2
4

_V2-\V2
2
The answer is E.

<

sin 2x = cos x
2 sin X COS X = COS X
2sinx =1 or cosx =0
. 1
sinx == or cosx =0
2
T 57 T 37
X=—0r— X=—_-0r——
6 6 2 2

The answer is E.
sin®x — cos®x = 1 — 2 cos%, which has the same period
as the function cos®x, namely 7. The answer is C.

53. (a) In the figure, the triangle with side lengths x/2 and R

is a right triangle, since R is given as the perpendicular
distance. Then the tangent of the angle 6/2 is the ratio

. . 0  x/2 .
“opposite over adjacent”: tan 5T R Solving for x

gives the desired equation. The central angle 0 is 27 /n
since one full revolution of 27 radians is divided
evenly into n sections.
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218 Chapter 5 Analytic Trigonometry
(b) 5.87 = 2R tan%,where 0 = 2w /11, s0

R~ 5.87/(2 tan %) ~ 9.9957. R = 10.

54. (a) i)

di/2

Call the center of the rhombus E. Consider right AABE,
with legs d,/2 and d, /2, and hypotenuse length x. Z ABE

. . opp .
has measure 6/2, and using “sine equals hiﬁ and “cosine
p

adj 0 d)2 d, .0
equals ——" we have cos - = — = —and sin - =
hyp 2 X 2x 2
di/2 _ dy
x  2x

(b) Use the double angle formula for the sine function:
0 0 0 d, d did
sin § = sinZ(E) = 25in5c055 = 2527; = ﬁ

55.

11t \ o 0/ 1ft

1ft

The volume is 10 ft times the area of the end. The end
is made up of two identical triangles, with area

1
5 (sin @) (cos 6) each, and a rectangle with area

(1) (cos ). The total volume is then
10 - (sin 6 cos 0 + cos 0) = 10 (cos 0)(1 + sin 6).

Considering only —% =60= %, the maximum value

occurs when 6 ~ 0.52 (in fact, it happens exactly at

0= E). The maximum value is about 12.99 ft3.

6

56. (a) X2+ y2 = 400

(x, y)

0
2x

The height of the tunnel is y, and the width is 2x,

so the area is 2xy. The x- and y-coordinates of the
vertex are 20 cos 6 and 20 sin 6, so the area is

2(20 cos 0)(20 sin 6) = 400(2 cos 0 sin #) = 400 sin 26.

(b) Considering 0 < 0 < %, the maximum area occurs
when 6 = %, or about 0.79. This gives

x =20 cos% = 10\/5, or about 14.14, for a width of
about 28.28, and a height of y = 10V2 ~ 14.14.

1 1 1 1 1
7. 2u = = =_. .
57 ese 2u sin2u  2sinucosu 2 sinu cosu
1
=3 cscusec u
1 1 — tan®
58. cot 2u = = anu
tan 2u 2tanu
3 <1 - tan2u> (c0t2u> _cotfu —1
2tanu cot? u 2cotu
1 1
59. sec 2u = = .
cos2u 1 — 2sin“u
3 < 1 )(csc2u> _esc®u
1 — 2sinu/\csc?u csctu — 2
1 1
60. sec 2u = = 3
cos2u  2cos“u — 1
B < 1 )(seczu) _ sectu
2cos’u — 1/\sec?u 2 —sec’u
1 1
61. sec2u = =

cos2u  costu — sinfu

B ( 1 )(seczucsczu)
cos®u — sin®u/\sec® u csc® u
sec? u csc u

csc?u — sectu

62. The second equation cannot work for any values of x for
which sin x < 0, since the square root cannot be negative.
The first is correct since a double angle identity for the
cosine gives cos 2x = 1 — 2 sin® x; solving for sin x gives

1
sin® x = 5 (1 — cos 2x), so that

/1
sinx = + ) (1 — cos 2x). The absolute value of both

sides removes the“+.”

63. (a) The following is a scatter plot of the days past January 1
as x-coordinates (L1) and the time (in 24-hour mode)
as y-coordinates (L2) for the time of day that the sunset
occurred in Honolulu in 2009.

[-30,370] by [-60,60]

(b) The sine regression curve through the points defined by
Lland L2 is y = 44.52 sin (10.015x — 0.822) — 0.59.
This is a fairly good fit, but not really as good as one
might expect from data generated by a sinusoidal physi-
cal model.

P
AN

[-30,370] by [-60,60]
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(¢) Using the formula L2 = Y1(L1) (where Y1 is the
sine regression curve), the residual list is
{3.73,7.48, 3.05, —6.50, —9.77, —3.67, 5.63, 9.79,
4.5, —3.66, —8.62, —2.39}.

(d) The following is a scatter plot of the days past January
1 as x-coordinates (L1) and the residuals (the differ-
ences between the actual number of minutes (L.2) and
the number of minutes predicted by the regression
line (Y1)) as y-coordinates (L3) for the time of day
that the sunset occurred in Honolulu in 2009.

The sine regression curve is y = 8.73 sin

(10.034x + 0.622) — 0.05. (Note: Round L3 to

2 decimal places to obtain this answer.)

This is another fairly good fit, which indicates that the
residuals are not due to chance. There is a periodic
variation that is most probably due to physical causes.

AN
i v U

[-30,370] by [-15,15]

(e) The first regression indicates that the data are
periodic and nearly sinusoidal. The second regression
indicates that the variation of the data around the
predicted values is also periodic and nearly sinusoidal.
Periodic variation around periodic models is a pre-
dictable consequence of bodies orbiting bodies, but
ancient astronomers had a difficult time reconciling
the data with their simpler models of the universe.

M Section 5.5 The Law of Sines

Exploration 1

1.

If BC = AB, the segment will not reach from point B to
the dotted line. On the other hand, if BC > AB, then a
circle of radius BC will intersect the dotted line in a unique
point. (Note that the line only extends to the left of point
A)

. A circle of radius BC will be tangent to the dotted line at

C if BC = h, thus determining a unique triangle. It will
miss the dotted line entirely if BC < h, thus determining
zero triangles.

. The second point (C,) is the reflection of the first point

(C,) on the other side of the altitude.

. sin C, = sin (7w — C,) = sin 7 cos C; — cos 7 sin C,

= sin C;.

. If BC = AB, then BC can only extend to the right of the

altitude, thus determining a unique triangle.

Quick Review 5.5

1L
2.
3.
4.

a = bc/d
b=ad/c
¢ = ad/b
d = bcja

Section 5.5 The Law of Sines

7 sin 48°
. ———— ~ 13.314
S sin 23°

9sin 121°
6. ———— ~ 31.888
sin 14°

7. x = sin"' 0.3 ~ 17.458°

8. x = 180° — sin ! 0.3 ~ 162.542°

9. x = 180° — sin"'(—0.7) ~ 224.427°
10. x = 360° + sin’l(—0.7) ~ 315.573°
Section 5.5 Exercises

1. Given:b = 3.7, B = 45°, A = 60° — an AAS case.
C =180° — (A + B) =755

a b a_bsinA_3.7sin6O°~45_
sinA sin B sin B sin4se
b c bsinC  3.7sin75°
: = — = c=— =— ~ 5.1
sin B sinC sin B sin 45°

2. Given:c = 17, B = 15°,C = 120° — an AAS case.
A =180° — (B + C) = 45°%
a c - _csin A 17sin 45°

= ~ 13.9;
sinA sinC sin C sin 120° 39
b _csinB_17sin15°N51
sinB sinC sin C sin120° 7

3. Given: A = 100°,C = 35°,a = 22 — an AAS case.
B =180° — (A + C) = 45%
asin B 22sin45°

b= sin A sin100° 158;
asinC  22sin 35°
= = ~ 12.
sin A sin 100° 8

4. Given: A = 81°, B = 40°,b = 92 — an AAS case.
C =180° — (A + B) = 59%
4= bsin A 92sin 81°

sin B sin 40° ~ 1414,
bsinC 92 sin 59°
= = ~ 122.
¢ sin B sin 40° 7

5. Given: A = 40°, B = 30°,b = 10 — an AAS case.
C =180° — (A + B) = 110
4= bsin A _ 10sin40°

sin B sin30° 12.9;
bsinC  10sin 110°
= SnB _ sz 188

6. Given: A = 50°, B = 62°,a = 4 — an AAS case.
C =180° — (A + B) = 68%
_asinB _ 4sin62°

sin A sin50° 46;
:a.smC:4.sm68 ~ 48
sin A sin 50°

7. Given: A = 33°, B = 70°,b = 7 — an AAS case.
C=180° - (A + B) =77%
_bsin A 7sin33°

~ 4.1;

sin B sin 70° ’
bsinC  7sin77°

_ §1n _ §1n ~73
sin B sin 70°
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220 Chapter 5 Analytic Trigonometry

8. Given: B = 16°,C = 103°,¢ = 12 — an AAS case.
A =180° - (B + C) = 61°
csinA _ 12sin61°

= = ~ 10.8;
“=gnC  sint0ze ~ 108

csin B 12sin 16°
sinC  sin 103°
9. Given: A = 32°,a = 17,b = 11 — an SSA case.

h =bsin A = 58,h <b < a,so there is one triangle.

bsin A
B= sin’l( Sl; ) = sin"1(0.342...) ~ 20.1°

C =180° — (A + B) ~ 127.9%
asin C 17 sin 127.9°
= = =~ 25.
“T sinA sin 32° 53

10. Given: A = 49°,a = 32,b = 28 — an SSA case.
h =bsin A = 21.1;h < b < a,so there is one triangle.
bsin A
B= sin_l(%) = sin"'(0.660...) ~ 41.3°

C =180° — (A + B) = 89.7°%
asinC  32sin 89.7°
= = ~ 424
sin A sin 49°
11. Given: B = 70°,b = 14,¢ = 9 — an SSA case.
h = csin B = 85;h < ¢ < b, so there is one triangle.
in B
C= sin*l(csgl ) = sin”'(0.604...) ~ 37.2°
A =180° - (B + C) = 72.8°%
bsin A 14 sin 72.8°
= = ~ 142
“ sin B sin 70°
12. Given: C = 103°,b = 46,c = 61 — an SSA case.

~ 34

h=bsinC =~ 44.8;h < b < ¢, so there is one triangle.

bsin C
B = sin’l(%) = sin 1(0.734...) ~ 47.3°
A =180° - (B + C) = 29.7%
csin A 61sin29.7°
= = ~ 31.
sin C sin 103° 310
13. Given: A = 36°,a =2,b="7.h = bsin A = 4.1;
a < h,so no triangle is formed.
14. Given: B = 82°,b = 17,¢ = 15. h = ¢ sin B = 14.9;
h < ¢ < b, so there is one triangle.
15. Given: C = 36°,a = 17,¢ = 16. h = asin C = 10.0;
h < ¢ < a,so there are two triangles.
16. Given: A = 73°,a = 24,b = 28. h = bsin A = 26.8;
a < h, so no triangle is formed.
17. Given: C = 30°%,a =18,c =9.h =asinC = 9;
h = c,so there is one triangle.
18. Given: B = 88°,b = 14,¢ = 62. h = ¢ sin B = 62.0;
b < h, so no triangle is formed.
19. Given: A = 64°,a = 16,b = 17. h = bsin A =~ 15.3;
h < a < b, so there are two triangles.

bsin A
B, = sin—l(%) = sin1(0.954...) ~ 72.7°
C, = 180° — (A + By) ~ 43.3%

asinC;  165sin43.3° ~ 122

= - = .
! sin A sin 64°

20.

21.

22,

23.

24.

25.

Or (with B obtuse):
B, = 180° — B, ~ 107.3%;
C, =180° — (A + B,) = 8.7°%
asin C, ~2
27 sinA 7
Given: B = 38°,b = 21,c = 25.h = csin B = 154,
h < b < c, so there are two triangles.

in B
C; sinfl<%) = sin"1(0.732...) =~ 47.1°%
A, = 180° — (B + C,) ~ 94.9%

bsin A, 21 sin 94.9°
! S ~ 340

“T §nB ~ sin3s°
Or (with C obtuse):

C, =180° — C; = 132.9°

A, = 180° — (B + C,) =~ 9.1°
_ b sin A2
~ sinB
Given:C = 68°,a = 19,c = 18. h = asin C = 17.6;
h < ¢ < a, so there are two triangles.

inC
A sin‘l<%> = sin"1(0.978...) ~ 78.2°

B, = 180° — (A + C) ~ 338"
csin By 18 sin 33.8°
b = = ~ 10.8
'" sinC sin 68°
Or (with A obtuse):

A, = 180° — A; =~ 101.8%

a) ~ 54

B, = 180° — (A, + C) ~ 10.2°;
b _csinBZN34
27 sinc 7

Given: B = 57°,a = 11,b = 10. h = asin B = 9.2;
h < b < a, so there are two triangles.

A, = sin’l(a SI;IB ) = sin"1(0.922...) ~ 67.3°
C, = 180° — (A, + B) ~ 55.7°
_bsinCy_10sin557°
~ sinB  sin57°
Or (with A obtuse):

A, = 180° — A, = 112.7°;

C1

C, = 180° — (A, + B) = 10.3%;
_bsinCzN21
"~ sinB 7

h = 10sin 42° = 6.69, so:

(a) 6.69 < b < 10.

(b) b = 6.69 or b = 10.

(c) b < 6.69.

h = 12 sin 53° =~ 9.58, so:

(a) 9.58 < ¢ < 12.

(b) c = 958 orc = 12.

(c) ¢ < 9.58.

(a) No: This is an SAS case.

(b) No: Only two pieces of information given.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

(a) Yes: This is an AAS case.
B =180° — (A + C) = 325
asin B 81sin32°

b="GnA = sinzee 83
asinC  81sin 119°
sin A sin 29° 6

(b) No: This is an SAS case.
Given: A = 61°,a = 8, b = 21 — an SSA case.

h = bsin A = 18.4;a < h,so no triangle is formed.

Given: B = 47°,a = 8,b = 21 — an SSA case.
h = asin B = 59;h < a < b,so there is one triangle.

in B
A= sin’l(%) = sin"1(0278...) ~ 16.2°;
C =180° — (A + B) = 116.8%
bsinC  21sin116.8°
sinB  sind7° 256
Given: A = 136°,a = 15, b = 28 — an SSA case.
h =bsin A = 19.5;a < h,so no triangle is formed.

Given: C = 115°, b = 12, ¢ = 7 — an SSA case.
h = bsin C = 10.9; ¢ < h,so no triangle is formed.

Given: B = 42°,¢ = 18,C = 39° — an AAS case.
A =180° - (B + C) = 99°%
csin A 18sin 99°

= ~ 28.3;
sin C sin 39° ’
csin B 18sin 42°
= = ~ 19.1
sin C sin 39°

Given: A = 19°,b = 22, B = 47° — an AAS case.
C =180° — (A + B) = 114°;
bsin A 22sin19°
= = ~ 9.8;
a sin B sin 47°
bsinC  22sin 114°
= = ~ 275
¢ sin B sin 47°

Given: C = 75°,b = 49, ¢ = 48. — an SSA case.
= bsin C = 47.3; h < ¢ < b, so there are two
triangles.

B = sin*‘< ) = sin"1(0.986...) ~ 80.4°;

A, =180° — (B + C) =~ 24.6%
_csin Ay 48sin 24.6°
T 6nC T sin7s°
Or (with B obtuse):
B, = 180° — B, ~ 99.6°
A, = 180° — (B, + C) = 54°,
csin A,

=2 x4
= sin C 7

Given: A = 54°,a = 13,b = 15. — an SSA case.

bsin C

~ 20.7

h =bsin A = 12.1; h < a < b, so there are two triangles.

bsin A
B, = sin*l(%> — §in"1(0.933...) ~ 69.0°

C, =180° — (A + B;) = 57.0%
asinC;  13sin 57.0°
sinA  sin54° 135
Or (with B obtuse):

B, = 180° — B, = 111.0°%

c1 =

35.
36.

37.

38.

39.

40.

(a) AC=b=

(B and C) form a triangle with a = 15.5, A =

radiusis b = ¢ =

Section 5.5 The Law of Sines 221

C, = 180° — (A + B,) = 15.0%
_asinC2~42
2= na T

Cannot be solved by law of sines (an SAS case).

Cannot be solved by law of sines (an SAS case).
Given:c = AB = 56, A = 72°, B = 53° — an ASA case,
s0C = 180° — (A + B) = 55°

csin B 565sin 53°

~ 54.6 ft.
sin 55°

sin C

(b) h = bsin A = asin B = 51.9 ft.
Given: ¢ = 25, A = 90° —

38° = 52°,
= 90° — 53° = 37° — an ASA case, so

C = 180° — (A + B) = 91° and

csin A 25sin 52°

= = ~ 19. i.

T 6nCc ~ sin91° 97 mi
csin B 25sin 37° .

" sinC  sin91° 150 mi,

and finally 4 = bsin A = asin B ~ 11.9 mi.
Given: ¢ = 16,C = 90° — 62 = 28°,

= 90° + 15° = 105° — an AAS case.
=180° — (B + C) = 47°,s0

csin A _ 160s1n 47 ~ 240 ft.

sin 28°

sin C

Given:c = 232, A = 28°, B = 37° — an ASA case.
C =180° — (A + B) = 115%

csin A 2.32sin28°

“="GnC  sintiye - 2mi
csin B 2.32sin 37° .
b= sinC  sin115° 1.5 mi.

Therefore, the altitude is # = b sin A ~ (1.5) sin 28°
~ 0.7mi — orasin B ~ (1.2) sin 37° mi ~ 0.7 mi.

41.

4 ft

= 10°

The length of the brace is the leg of the larger triangle.
sin28° = * 50 x = 19 ft.

42.

4

78.75°

| B
155&
ap

The center of the wheel (A) and two adjacent chairs

360°
16

= 22.5°,and B = C = 78.75°. This is an ASA case, so the

asin B 15.5 sin 78.75°

~ 39.7 ft.
sin 22.5°

sin A
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43.

4.

45.

46.

47.

48.

49.

50.

51.

52.

Alternatively, let D be the midpoint of BC, and consider
right AABD, with m/ BAD = 11.25° and BD = 7.75 ft;
then r is the hypotenuse of this triangle, so

7.75

r = m ~ 39.7 ft.

Consider the triangle with vertices at the top of the flag-
pole (A) and the two observers (B and C). Then a = 600,
B = 19°,and C = 21° (an ASA case), so
A =180° — (B + C) = 140
asin B 600 sin 19°

b= sinA  sin 140° ~ 303.9;
asinC 600 sin 21°
" sinA sin140° 334.5;

and finally # = b sin C = c¢sin B = 108.9 ft.

Consider the triangle with vertices at the top of the tree
(A) and the two observers (B and C). Then a = 400,
B = 15°,and C = 20° (an ASA case), so
A =180° — (B + C) = 145°%
asin B 400 sin 15°

b= snA  sin145° 1805;
asinC 400 sin 20°
" sinA  sinl145° 238.5;

and finally 4 = bsin C = csin B =~ 61.7 ft.

Given: ¢ = 20, B = 52°,C = 33° — an AAS case.
A =180° - (B + C) = 95° 50

csin A 20sin 95°

a= ~ 36.6 mi, and

sin C sin 33°
csin B 20sin 52°
= = ~ 28.9 mi.
§nC  sinzy - 2oomi

We use the mean (average) measurements for A, B, and
AB, which are 79.7°,83.9°, and 25.9 feet, respectively. This
gives 16.4° for angle C. By the law of sines,

_259sin 83.9°

AC sin 16.4°

~ 91.2 ft.

sinA _sinB
b

True. By the law of sines,

si
hich i ivalent t
which is equivalent to S B
False. By the law of sines, the third side of the triangle
10 sin 100°

measures M which is about 15.32 inches. That
sin 40°

makes the perimeter about 10 + 10 + 15.32 = 35.32,

which is less than 36 inches.

The third angle is 32°. By the law of sines,
in 32° in 53°

s = , which can be solved for x.
12.0 X

The answer is C.

With SSA, the known side opposite the known angle some-
times has two different possible positions. The answer is D.

The longest side is opposite the largest angle, while the

shortest side is opposite the smallest angle. By the law of
. sin 50° _ sin 70°

sines, —5 0~ =

The answer is A.

, which can be solved for x.

Because BC > AB, only one triangle is possible. The
answer is B.

A
= % (since sin A, sin B # 0).

53.

54.

55.

56.

(a) Given any triangle with side lengths a, b, and c, the
. sinA sinB sinC
law of sines says that = = .
a b c
But we can also find another triangle (using ASA)
with two angles the same as the first (in which case
the third angle is also the same) and a different side
length — say, a’. Suppose that a’ = ka for some con-
stant k. Then for this new triangle, we have
sinA sinB sinC . sinA sinA
— =—7—=—,—.Since —— = =
a b c a ka
1 sinA sinB_ 1 sinB
= 5

, we can see that
k a b’ k

so that b’ = kb and similarly, ¢’ = kc. So for any
choice of a positive constant k, we can create a
triangle with angles A, B, and C.

(b) Possible answers:a = 1,b = \/3, ¢ = 2 (or any set of
three numbers proportional to these).

(¢) Any set of three identical numbers.

In each proof, assume that sides a, b, and c are opposite

angles A, B, and C, and that c is the hypotenuse.

sin A sin 90°

(@)
a c
sin A 1
a c
sin A = a_ opp
c  hyp
sin B sin 90°
(b) P
c
cos (w2 — B) 1
b T ¢
b adj
CosA=—= ady.
c hyp
sinA sin B
€ ——=
a b
sin A a
sinB b
sinA a
cosA b
a opp
tan A = — =
MATY T

(@) h = ABsin A

(b) BC < ABsin A

(¢) BC = ABor BC = ABsin A
(d) ABsin A < BC < AB

Drawing the line suggested in the hint, and extending BC
to meet that line at, say, D, gives right AADC and right
AADB.
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Then AD = 8sin 22° ~ 3.0 and DC = 8 cos 22° = 7.4,s0
DB=DC —5andc = AB = VAD?+ DB* ~ 39.
Finally,

DB
— o __ oy — ¢in M == | ~ o
A = (90° — 22°) — sin <AB) 29.1° and
B =180°— A — C = 128.9°.
57. Given: ¢ = 4.1, B = 25°,C = 36.5° — 25° = 11.5°. An

AAS case: A = 180° — (B + C) = 143.5°s0
csin B 4.1sin 25°
sinC  sin11.5°
csin A 4.1sin 143.5°

BC=a= sinC ~ sin11.5°
The height is # = a sin 25° = b sin 36.5° ~ 5.2 mi.

AC =b =

~ 8.7 mi, and

~ 12.2 mi.

H Section 5.6 The Law of Cosines

Exploration 1

1. The semiperimeters are 154 and 150.

A= \/154(154 — 115)(154 — 81)(154 — 112)

+ \/150(150 — 112)(150 — 102)(150 — 86)
= 8475.742818 paces’

. 41,022.59524 square feet
. 0.0014714831 square miles
. 0.94175 acres

. The estimate of “a little over an acre” seems questionable,
but the roughness of their measurement system does not
provide firm evidence that it is incorrect. If Jim and
Barbara wish to make an issue of it with the owner, they
would be well advised to get some more reliable data.

nm A W N

6. Yes. In fact, any polygonal region can be subdivided into
triangles.

Quick Review 5.6
1. A= cos’l(%) ~ 53.130°

2. C = cos {(~0.23) ~ 103.297°
3. A = cos '(—0.68) ~ 132.844°

1.92
4. C = cos’1<T9) ~ 50.208°

8l — x> -y ¥+ )y -8l
5. (@) cos A = Yo Y

—2xy 2xy
2+ )" - 81
(b) A = cos‘(L)
2xy
¢ A_yzixzizs_x27y2+25
. (@) cos A = 10 = 10

Section 5.6 The Law of Cosines 223

(b) A = *1(7)62 i 25)
= cos 10

7. One answer: (x — 1)(x — 2) = x> — 3x + 2.
Generally: (x — a)(x — b) = x> — (a + b)x + ab
for any two positive numbers a and b.

8. One answer: (x — 1)(x + 1) = x* — 1.
Generally: (x — a)(x + b) = x> — (a — b)x — ab
for any two positive numbers a and b.

9. One answer: (x — i)(x + i) = x> + 1.

10. One answer: (x — 1)> = x> — 2x + 1.
Generally: (x — a)? = x> — 2ax + a*
for any positive number a.

Section 5.6 Exercises
1. Given: B = 131°,¢ = 8,a = 13 — an SAS case.

b=Va + & — 2accos B~ \V369.460 ~ 19.2;
2 2 2
a-+ b°—c¢
C= *1(7
COS 2ab
A =180° — (B + C) ~ 30.7°.
2. Given: C = 42°,b = 12,a = 14 — an SAS case.

c=Va+ b - 2abcosC ~ V90.303 ~ 9.5;

P+ -
A= -1
cos ( be

B =180° — (A + C) = 57.7°.
3. Given:a = 27,b = 19,¢ = 24 — an SSS case.

) ~ cos 1(0.949) ~ 18.3°;

) ~ cos 1(0.167) ~ 80.3°%;

b2 + 2 2
A= cof(#) ~ cos 1(0.228) ~ 76.8°
2 + 2 _ b2
B = 00571(%) ~ cos 1(0.728) ~ 43.2°;
ac

C =180° — (A + B) = 60°.
4. Given:a = 28,b = 35,c¢ = 17 — an SSS case.

b2 + 2 2
A= cof(#) ~ cos 1(0.613) ~ 52.2°
2 + 2 _ b2
B = 00571(%) ~ cos 1(-0.159) ~ 99.2°;
ac

C =180° — (A + B) =~ 28.6°.
5. Given: A = 55°,b = 12,c = 7 — an SAS case.

a= Vb + ¢~ 2bccos A ~ V96,639 ~ 9.8;
2 + 2 _ b2
B= cos*(L) ~ cos 1(0.011) ~ 89.3%;

2ac
C =180° — (A + B) = 35.7°.
6. Given: B = 35°,a = 43,¢c = 19 — an SAS case.

b=Va + & — 2accos B~ V871.505 ~ 29.5;

a + b -2

C=cos{ ——
cos ( 2ab

A =180° — (B + C) ~ 123.3°,

7. Given:a = 12,b = 21,C = 95° — an SAS case.
c=Va+ b - 2abcosC ~ V628.926 ~ 25.1;

P+ -
A= -1
cos ( be

B =180° — (A + C) ~ 56.5°.

) ~ cos 1(0.929) ~ 21.7°;

) ~ cos 1(0.879) ~ 28.5°%
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8. Given: b = 22,¢c = 31, A = 82° — an SAS case.

a= Vb + A —2bccos A ~ V1255167 ~ 35.4;

2 + 2 _ b2
B= cos’l(%) ~ cos 1(0.788) ~ 37.9°

C =180° — (A + B) =~ 60.1°.
9. No triangles possible (a + ¢ = b).
10. No triangles possible (a + b < ¢).
11. Given:a = 32,b = 7.6,¢ = 6.4 — an SSS case.

b2 + 2 2
A= cos‘(#) ~ cos 1(0.909) ~ 24.6°
C
2 + 2 _ b2
B= cos’l(%) ~ cos(—0.160) ~ 99.2°;

C =180° — (A + B) =~ 56.2°.
12. No triangles possible (a + b < ¢).

Exercises #13-16 are SSA cases, and can be solved with either
the law of sines or the law of cosines. The law of cosines
solution is shown.

13. Given: A = 42°,a = 7,b = 10 — an SSA case. Solve
the quadratic equation 7> = 10> + ¢*> — 2(10)c cos 42°,
or ¢ — (14.862...)c + 51 = 0; there are two positive

. . @+ - b
solutions: ~9.487 or 5.376. Since cos B = T:
c; ~ 95, B, ~ cos 1(0.294) ~ 72.9°, and
C, = 180° — (A + B,) ~ 65.1°,
or
¢, ® 54, B, ~ cos '(—0.294) ~ 107.1°, and
C, =180° — (A + B,) = 30.9°.

14. Given: A = 57°,a = 11, b = 10 — an SSA case. Solve
the quadratic equation 11> = 10*> + ¢* — 2(10)C cos 57°,
or ¢* — (10.893)c — 21 = 0; there is one positive

. . @+ - b
solution ¢ = 12.6. Since cos B = ————,
2ac
B ~ cos1(0.647) ~ 49.7° and C = 180° — (A + B)
~ 73.3°

15. Given: A = 63°,a = 8.6, b = 11.1 — an SSA case. Solve
the quadratic equation
8.6 = 11.1%2 + ¢ — 2(11.1)c cos 63°, or
¢* — (10.079)c + 49.25 = 0; there are no real solutions, so
there is no triangle.

16. Given: A = 71°,a = 9.3, b = 8.5 — an SSA case. Solve
the quadratic equation
9.3 = 8.5% + ¢* — 2(8.5)c cos 71°, or
c* — (5.535)c — 14.24 = 0; there is one positive

@+ - b

2ac
B ~ cos1(0.503) ~ 59.8° and C = 180° — (A + B)
~ 49.2°,

17. Given: A = 47°,b = 32,¢c = 19 — an SAS case.
a= Vb + ¢~ 2bccos A~ /555689 ~ 23.573,

so Area ~ V49431.307 ~ 222.33 ft.? (using Heron’s

1 1
formula). Or, use Area = Ebc sin A = —(32)(19)

2
sin 47° ~ 222.33 ft2.

solution: ¢ = 7.4. Since cos B =

18. Given: A = 52°,b = 14,¢c = 21 — an SAS case.
a=\Vb*+ & — 2bccos A ~ V274991 ~ 16.583,
so Area ~ V13418345 ~ 115.84 m.? (using Heron’s

1 1
formula). Or, use Area = Ebc sin A = 5(14)(21)
sin 52° ~ 115.84 m~.

19. Given: B = 101°,a = 10,c¢ = 22 — an SAS case.
b=Va& + A — 2accos B ~ V667.955 ~ 25.845,

so Area ~ V11659.462 ~ 107.98 cm.? (using Heron’s
formula). Or, use Area = %ac sin B = %(10)(22)
sin 101° ~ 107.98 cm™.

20. Given: C = 112°,a = 1.8,b = 5.1 — an SAS case.
c=Va + b — 2abcos C ~ V36128 ~ 6.011,
so Area ~ V18.111 ~ 4.26 in.? (using Heron’s
formula). Or, use Area = %ab sinC = %(1.8) (5.1)

sin 112° ~ 4.26 in’.
For #21-28, a triangle can be formed ifa + b < c,a + ¢ < b,
and b + ¢ < a.

21. s = H; Area = V66.9375 =~ 8.18.

2
21
22. 5 = o Area = V303.1875 =~ 17.41.

23. No triangle is formed (a + b = ¢).

24. 5 = 27;Area = V12,960 = 36\/10 ~ 113.84.
25. a = 36.4; Area = V46,720.3464 ~ 216.15.
26. No triangle is formed (a + b < ¢).

27. s = 42.1; Area = V98,629.1856 ~ 314.05.
28. s = 23.8; Area’vV10,269.224 ~ 101.34.

29. Leta = 4,b = 5,and ¢ = 6.The largest angle is
opposite the largest side, so we call it C. Since
2 2_ 2
a+b"—c 1
— C= — | =~ 82.819°
ab ,C = cos (8) 82.819
~ 1.445 radians.
30. The shorter diagonal splits the parallelogram into two
(congruent) triangles with @ = 26, B = 39°,and ¢ = 18.

The diagonal has length b = Vi + & — 2ac cos B

~ V272591 ~ 165 ft.

31. Following the method of Example 3, divide the hexagon into
six triangles. Each has two 12-inch sides that form a 60°
angle.

1
6 X 5(12)(12)sin 60° = 216\V/3 ~ 374.1 square inches.

cosC =

32. Following the method of Example 3, divide the nonagon
into nine triangles. Each has two 10-inch sides that form a
40° angle.

1
9 X E(lO)(lO)sin 40° =~ 289.3 square inches.
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33.

35.

36.

37.

38.

39.

In the figure,a = 12 and so s = 12 sec 30° = 8V3.
The area of the hexagon is

6 X %(8\/5)(8\/5) sin 60° = 2881/3

~ 498.8 square inches.

In the figure,a = 10 and so s = 10 sec 20°. The area of

the nonagon is
1
9 X 5(10 sec 20°)(10 sec 20°) sin 40° =~ 327.6 square inches.

Given: C = 54°, BC = a = 160, AC = b = 110 — an
SAS case. AB = ¢ = \/a2 + b* — 2ab cos C

~ V17,009.959 ~ 130.42 ft.

(a) The home-to-second segment is the hypotenuse of
a right triangle, so the distance from the pitcher’s
rubber to second base is 90V/2 — 60.5 ~ 66.8 ft. This
is a bit more than

¢ = V60.5% + 902 — 2(60.5)(90) cos 45°
~ \V/4059.857 ~ 63.7 ft.

2 + 2 _ 1.2
(b) B = COS—l(M
2ac
~ 92.8°.
(@) ¢ = V402 + 602 — 2(40)(60) cos 45°
~ V/1805.887 ~ 42.5 ft.

(b) The home-to-second segment is the hypotenuse of a
right triangle, so the distance from the pitcher’s
rubber to second base is 60V/2 — 40 ~ 44.9 ft.

242 p2
(¢) B = cos’(L
2ac
~ 93.3°.
Given:a = 175,b = 860, and C = 78°. An SAS case, so

AB =c = \Va* + b* — 2abcos C ~ \/707,643.581
~ 841.2 ft.

) ~ cos 1(—0.049)

> ~ cos }(—0.057)

6
(a) Using right AACE, m/CAE = tan—1<§>
= tan_l(l> ~ 18 40
3 4°.

(b) Using A ~ 18.435°, we have an SAS case, so
DF = V9% + 122 — 2(9)(12) cos A ~ \/20.084
~ 4.5 ft.

(¢) EF = V18 + 122 — 2(18)(12) cos A ~ \/58.168
~ 7.6 ft.

40.

41.

42.

43.

4.

45.

46.

47.

48.

49.

Section 5.6 The Law of Cosines 225

After two hours, the planes have traveled 700 and 760
miles, and the angle between them is 22.5°, so the

distance is V7002 + 760% — 2(700)(760) cos 22.5°
~ V/84,592.177 ~ 290.8 mi.
AB = /732 + 65% — 2(73)(65) cos 8°

~ V156.356 ~ 12.5 yd.

m/ HAB = 135°,s0

HB = V202 + 20% — 2(20)(20) cos 135°
~ V/1365.685 ~ 37.0 ft.

Note that AB is the hypotenuse of an equilateral right
20 _
triangle with leg length — = 10\/2, and HC is the

V2

hypotenuse of an equilateral right triangle with leg length

20 + 10V2,s0 HC = V/2(20 + 10V2)? ~ 483 ft.

Finally, using right AHAD with leg lengths
HA = 20ftand AD = HC = 48.3 ft, we have

HD = \VHA? + AD? = 523 ft.
AB=c=V2+3=V13,AC =b = V12 + 32
=V10,and BC = a = V12 + 22 = \/5,50

P+ -
m/CAB = A = 00571(#>

2bc
= cos’l(L) ~ 37.9°
V130 o

AABC is a right triangle (C = 90°), with BC = a

=V22+22=2V2and AC = b = 1,50 AB = ¢
1

=Va +b*=3and B=m/,ABC = sin’1(§>

~ 19.5°

True. By the law of cosines, b* + ¢* — 2bc cos A = a?,

which is a positive number. Since b*> + ¢ — 2bc cos A > 0,
it follows that b*> + ¢ > 2bc cos A.

True. The diagonal opposite angle 6 splits the parallelogram

. . . 1 .
into two congruent triangles, each with area 5 ab sin 6.

Following the method of Example 3, divide the
dodecagon into 12 triangles. Each has two 12-inch sides
that form a 30° angle.

1
12 X 2 (12)(12) sin 30° = 432

The answer is B.

The semiperimeter is s = (7 + 8 + 9)/2 = 12. Then by
Heron’s formula, A = \/12(12 - 7)(12 - 8)(12 — 9)
= 12V/5. The answer is B.

After 30 minutes, the first boat has traveled 12 miles and the
second has traveled 16 miles. By the law of cosines, the

two boats are V122 + 162 — 2(12)(16) cos 110° ~ 23.05
miles apart. The answer is C.
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50.

51.

52.

53.

54.

55.

By the law of cosines, 122 = 172 + 252 — 2(17)(25)
17% + 25 — 12

209E) ) ~ 25.06°.

cos 0,50 0 = cos ! (

The answer is E.

Consider that an n-sided regular polygon inscribed within

a circle can divide into »n equilateral triangles, each with
2 o

.
equal area of > sin

. (The two equal sides of the

equilateral triangle are of length r, the radius of the
circle.) Then, the area of the polygon is exactly
nr’ . 360°

5 sin .

b+ —a* B+ ¢ — (b* + @ — 2bccos A)
@) 2abc B 2abc
2bc cos A

2abc

cos A

a

(b) The identity in (a) has two other equivalent forms:
cos B @+ - b

b 2abc
cosC @+ b -2
c 2abc
We use them all in the proof:
cosA cosB cosC
a b c
_bz%—cz—a2 P+E-b AP+ -3
B 2abc 2abc 2abc
_b2+C2—az+az+C2—b2+a2+b2—C2
B 2abc
A+ D+
B 2abc
(a) Ship A:% = 15.1 knots;
Ship B: % = 12.4 knots
P+c-d
(b) cos A = T
(15.1)% + (12.4)> — (8.7)
Bl 2(15.1)(12.4)
A = 35.18°

(©) 2 =a>+ b*>—2abcos C
= (49.6)* + (60.4)> — 2(49.6)(60.4) cos (35.18°)
~ 1211.04, so the boats are 34.8 nautical miles
apart at noon.

Use the area formula and the law of sines:

1
Ay = EabsinC

1 (asinBY . i
= *a( )SlnC <lawofsines=>b = asmB>

2 sin A sin A
_ @ sin Bsin C
2sin a
Let P be the center of the circle. Then,
2,52 _ 72
cos P = SHS - T = 0.02 ,s0 P = 88.9°. The area
2(5)(5)

o

88.9
of the segment is 77 - 3607 257 - (0.247) ~ 19.39 in%.

1
The area of the triangle, however, is 5(5)(5) sin (88.9)

~ 12.50 in?, so the area of the shaded region is approxi-
mately 6.9 in%

H Chapter 5 Review

1. 2 sin 100° cos 100° = sin 200°
2 tan 40°
. Lz = tan 80°
1 — tan”40°

. 1; the expression simplifies to (cos 26)> + (2 sin 6 cos 6)?

= (cos 26)* + (sin 20)* = 1.

. cos? 2x; the expression can be rewritten

1 — (2sin x cos x)? = 1 — (sin 2x)? = cos® 2x.

. cos 3x = cos(2x + x) = cos 2x cos x — sin 2x sin x

= (cos? x — sin® x) cos x — (2 sin x cos x) sin x
= cos’ x — 3 sin x cos x

= cos® x — 3(1 — cos’ x)cos x

cos® x — 3 cos x + 3 cos® x

= 4 cos’ x — 3 cos x

6. cos?2x — cos’ x = (1 — sin*2x) — (1 — sin® x)
= sin® x — sin® 2x
. . 1 — cos® x
7. tan® x — sin? x = sin® x (72
cos® x
) sin® x . )
=smn-x - 2 = sIn” x tan” x
cos? x

10

12.

13.

. 2 sin 6 cos® 6 + 2 sin’ 6 cos 0

= (2 sin 6 cos 0)(cos® 6 + sin® 9)
= (2sin 6 cos H)(1) = sin 26.

COS X
L CSCX — COSXCOt X = —— — COS X * —
sin x
1 —cos?x sin®x .
= - = — =sin x
sin x sin x

tanf +sinf 1+ cos6 <i /1 +cos§>2
© 2tan@ 2 2

11.

7]
= 22
cos 2
1+ +
Recall that tan 6 cot 6 = 1. tan6 1+ cotd
1—tan® 1 — coth

_ (1 +tan6)(1 — cot ) + (1 + cotH)(1 — tan6)
- (1 — tan 6)(1 — cot 9)
(1 +tanf —cotf® — 1) + (1 + coth — tanh — 1)
(1 — tan 6)(1 — cot 0)

(1 — tan 6)(1 — cot )
sin 30 = sin(20 + @) = sin 26 cos 6 + cos 20 sin 6

= 2sin 0 cos’ 8 + (cos®# — sin? ) sin 6
= 3sin 0 cos* § — sin® @

cos? £ = [i, /1(1 + cost)}2 = l(1 + cost)
2 2 2

3 <1 + cost) (sect) 1+ sect
2 sect 2sect
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16.

17.

18.

19.

20.

21.

22.

tan’ Y — cot® %
tan® vy + csc? Y

_ (tany — cot y)(tan?>y + tanycoty + cot?y)

tanzy + csc2y
_ (tany — cot y)(tan?y + 1 + cot?y)

tan’y + csc’y
_ (tany — coty)(tan’y + csc’y)

= tany — cot
tanzy + csczy Y Y

cos ¢ sin ¢
1—tan¢y 1 — coto

_ ( cos ¢ )(cosd>> N ( sin ¢ )(sin(j))
S\ - tan ¢ / \ cos ¢ 1 — cot¢ /\sin ¢
cos’ sin® ¢ _ cos’¢ — sin’ ¢

cos ¢ — sin ¢ sing — cosp cos ¢ — sin ¢
cos ¢ + sin ¢

cos(—z) B cos(z)
sec(—z) + tan(—z) [l + sin(—z)]/cos(z)
cos® (2) 1 —sin’z
- = =1+ si
1+sin(-z) 1-sinz —
\/1 —cosy (1 — cos y)?
1+cosy V(1+cosy)(l — cosy)

(1 — cos y)? _ (1 — cos y)?

1 — cos?y sin® y

[1 — cos y| 1 -—cosy

- = - ;since 1 — cos y = 0,
|sin y| |sin y|
we can drop that absolute value.

\/1 —siny \/(1 — sin y)(1 + siny)
1+siny (1 + sin y)?

\/ 1 — sin?y _ \/ cos’y

(1 + sin y)? (1 + sin y)?
|cos | |cos |

= .‘y = .'y ;since 1 + siny = 0,
[1 +siny] 1+siny

we can drop that absolute value.

. ( N 377) _ tanu + tan (37/4)
aniu 1 — tanu tan (37/4)

4
_tanu + (1)  tanu — 1
1 —tanu(-1) 1+ tanu

1. _ 1 1.
4 sin 4y = 4sm2(2y) = 4(2 sin 27y cos 27y)

1
5 (2 sin y cos y)(cos? y — sin® y)

sin y cos® y — cos y sin® y

. 1 1—-cosp 1 cos B .
an2 B sin B _sinB sinﬁ_csc',3 cot B
Let = arctan ¢, so that tan 6 = ¢. Then

2tanu 2t .
tan 20 = > = 5 - Note also that since
1—tanu 1 —1¢

—-1<r<1, —% <u< %, and therefore —g <2u < g

Chapter 5 Review 227

That means that 26 is in the range of the arctan function,

and so 20 = arctan or equivalently

1 -

0 ! tan d
= —arc
2 1 -7

23. Yes:sec x — sin x tan x =

— and of course, § = arctan .

1 sin? x

COSX  COSX
1 —sin?x  cos®x
= = = cos x.
oS X cos x

24. Yes: (sin®> @ — cos® a)(tan’ o + 1)

= (sin* @ — cos? a)(sec’? a)
sinffa — cos’a  sin’a 5
= 3 = >~ —1=tan"a — 1.
cos® a cos’a

25. Many answers are possible, for example,
sin 3x + cos 3x
= (3sinx — 4sin®x) + (4 cos’ x — 3 cos x)
= 3(sin x — cos x) — 4(sin® x — cos® x)
= (sin x — cos x)[3 — 4(sin? x + sin x cos x + cos® x)]
= (sinx — cos x) (3 — 4 — 4sin x cos x)
= (cos x — sin x)(1 + 4 sin x cos x). Check
other answers with a grapher.
26. Many answers are possible, for example,
sin 2x + cos 3x = 2sin x cos x + 4 cos® x — 3 cos x
= cos x(2 sin x + 4 cos> x — 3)
= cos x(2sin x + 1 — 4 sin” x). Check other answers
with a grapher.

27. Many answers are possible, for example,
cos? 2x — sin 2x = 1 — sin® 2x — sin 2x
=1 — 45sin® x cos® x — 2 sin x cos x. Check other
answers with a grapher.

28. Many answers are possible, for example (using Review
Exercise 12), sin 3x — 3 sin 2x
= 3 cos® x sin — sin® x — 6sin x cos x
= sin x(3 cos® x — sin®> x — 6 cos x)
= sin x(4 cos’ x — 1 — 6 cos x). Check other answers
with a grapher.

In #29-33, n represents any integer.
29. sin 2x = 0.5 when 2x = % T onmor2x = 27 4 2,

—l—i- T —Si-‘r
SO X B ni or x B nir.

30. cos x = TSWhen x = i% + 2nm

31. tan x = —1 when x = —% + nw
2 2
32. Ifsin”! x = o then x = sin %

33. If tan! x = 1, then x = tan 1.
34. 2cos2x =1

1
2x = =
COS 2Zx B
1
2co8?x — 1=~
COS™Xx B
3
2. 2
COS™Xx 4
V3
CoOS X = +——

2

5
Sox = % + 2nmor x = % + 2nm for n any integer.
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35. x = 1.12 or x = 5.16

[0, 27r] by [-4, 4]
36. x ~ 0.14 or x =~ 3.79

£

[0, 27r] by [-3, 2]
37. x = 1.15

[0, 2] by [-3, 2]

38. x = 1.85or x =~ 3.59

/N
L

[0, 2] by [-3, 2]

1 5
39. cosx—2 songorx—?ﬂ-.

40. sin 3x =
becomes
2(sin x)(

(sin x)(4 cos* x — 1). This equation
(sin x)(4 cos*> x — 1) = sin x, or
2cos’x — 1) = 0,s0sin x = 0 or
cosx:jziz'x:0x:z x = 3 , X =
27 ’ 4’ 4 K
S T

x=7,orx=7.

41. The left side factors to (sin x — 3)(sin x + 1) = 0;

3
only sin x = —1 is possible, so x = 777

42.2cos’t — 1 =cost,or2cos’t —cost — 1 =0,
1
or (2cost + 1)(cost — 1) = 0.Then cos t = —3

2 4
t=11t=0,t=— t=—
Oor Ccos 3 or 3

43.

44.

sin(cos x) = 1 only if cos x = % + 2nar. No choice of

n gives a value in [—1, 1], so there are no solutions.

cos(2x) + Scosx —2 =2cos’x — 1 + S5cos x — 2
=2cos’x +5cosx —3=0.(2cos x — 1)(cos x + 3)

1
= 0,s0 cos(x) = > and cos(x) = —3.The latter is

T S
extraneous so x = 3 orx = X

For #45-48, use graphs to suggest the intervals. To find the
endpoints of the intervals, treat the inequalities as equations,
and solve.

45.

46.

47.

48.

49.
50.
51.

52.

1 . T
cos 2x = 5 has solutions x = 3 X =—

117
and x = 6 in interval [0, 27). The solution

~

set for the inequality is 0 = x <%
or5—< <710L<x<2
6 6 6 ™

. T S7 Tm 117
thatls,{0,6)U<6, 6>U( 5 277)

2 sin x cos x = 2 cos x is equivalent to
(cos x)(sin x — 1) = 0, so the solutions in (0, 27 ] are

3 . . .
x="andx = 777."[]16 solution set for the inequality

2
s—<x<3 ; that is, (W 377)
2 2’ 2’2

cos x = 1 has solutions x = — and x = om in the
2 3 3
interval [0, 277). The solution set for the inequality is
Tex<XZ o ; that is, (77 577)
3 37 373
tan x = sin x is equivalent to (sin x)(cos x — 1) = 0,

so the only solution in is x = 0. The solution

T T
2’2

. .. . T
set for the inequality is 5 < x < 0;that is, (_E’ 0).

y = 5sin (3x + cos}(3/5)) ~ 5sin (3x + 0.93)
y = 13 sin (2x — cos'(5/13)) ~ 13 sin (2x — 1.18)
Given: A = 79°, B = 33°,a = 7 — an AAS case.
C =180° — (A + B) = 68
asin B 7sin 33°
b="na = sm7or 3%
asinC 7 sin 68°
= dnA  sin7oc " OC
Given:a = 5,b = 8, B = 110° — an SSA case. Using the
law of sines: h = asin B = 4.7;h < a < b, so there is one
triangle.

A= sin—l<$> ~ sin"1(0.587) ~ 36.0°;
C =180° — (A + B) = 34.0%
_ bsin C - 8 sin 34.0° ~ 48
sin B sin 110° -
Using law of cosines: Solve the quadratic
equation 8> = 5> + ¢ — 2(5)c cos 110°, or
¢ + (3.420)c — 39 = 0; there is one positive solution:
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¢ ~ 4.8.Since cos A = L +ZCbZ _ aZ: 60. ¢ ~ 7.672s0 area ~ V528.141 ~ 23.0 (using Heron’s
5 ¢ formula). Or,use A = —ab sin C.
A =~ cos™(0.809) ~ 36.0°and C = 180° — (A + B) 2
~ 34.0° 61. h = 125sin28° ~ 5.6, s0:
53. Given:a = 8,b = 3, B = 30° — an SSA case. Using the law (@ ~56<b<I12

of sines: 4 = asin B = 4;b < h,so no triangle is formed.

~ = .
Using the law of cosines: Solve the quadratic equation (b) b~ 560rb =12

32 =8+ ¢ — 2(8)c cos 30°, or ¢? — (8\/§)c + 55 =0; (©) b <56
there are no real solutions. 62. (a) C = 180° — (A + B) = 45°s0
54. Given:a = 14.7, A = 29.3°, C = 33° — an AAS case. AC—p—CSinB _80sin65° ..
B =180°— (A + C) = 117.7°,and sin C sin 45°
b= asin B _ 14.7 sin 117.7° ~ 26.6: (b) The distance across the canyon is b sin A ~ 96.4 ft.
sin A sin 29.3° ’ 63. Given:c = 1.75, A = 33°, B = 37° — an ASA case, so
c=a,SinC=14:7Sin330z16.4. C = 180° — (A + B) = 110
sin A sin 29.3° csin A _ 1.75sin33°
55. Given: A = 34°, B = 74°, ¢ = 5 — an ASA case. a= sin C - sin 110° ~ 1.0;
C =180° — (A + B) = 72% b:csinB:1.755in37°%11
csinA  5sin34° sin C sin 110° "
“=gnC " sin7ze 2 and finally, the heightis 4 = b sin A = asin b ~ 0.6 mi.
p— CSnB _ Ssin74® o 64. Given: C = 70°, a = 225,b = 900 — an SAS case, s0

sinC ~ sin72°
56. Given:c = 41, A = 22.9°, C = 55.1° — an AAS case.

AB =c = \Va* + b* — 2abcos C

~ V722,106.841 ~ 849.77 ft.

B =180° — (A + C) = 102° 65. Leta = 8,b = 9,and ¢ = 10. The largest angle is
csin A 41sin22.9° opposite the largest side, so we call it C.
a=— = TGn S5l ~ 19.5; @+ b - 5
s ¢ St - Since cosC = ————,C = cos‘l(—)
b— csin B 41sin102° 489 2ab 16

~ 71.790°, 1.25 rad.
66. The shorter diagonal splits the parallelogram into
two (congruent) triangles with a = 15, B = 40°,
and ¢ = 24.The shorter diagonal has length
b= Va + b — 2ac cos B ~ \/249.448 ~ 15.80 ft.
Since adjacent angles are supplementary, the other angle
is 140°. The longer diagonal splits the parallelogram
into (two) congruent triangles with a = 15, B = 140°, and
¢ = 24, so the longer diagonal length is
b=Va + ¢ — 2accos B ~ V1352552 ~ 36.78 ft.

67. (a) The point (x, y) has coordinates (cos 6, sin 6), so the
bottom is b; = 2 units wide, the top is

sin C sin 55.1°
57. Given:a = 5,b = 7,c = 6 — an SSS case.

P+ c?— 2
A= cos‘(#) ~ cos 1(0.714) ~ 44.4°;
c

2 + 2 b2
B= cos—l(%> ~ cos1(0.2) ~ 78.5%
ac

C =180° — (A + B) = 57.1°.
58. Given: A = 85°,a = 6, b = 4 — an SSA case. Using the
law of sines: 4 = bsin A = 4.0;h < b < a, so there is
one triangle.

59.

bsin A
B= sin’l(%) ~ sin~1(0.664) ~ 41.6%

C =180° — (A + B) =~ 53.4°
asinC  6sin 53.4°

" SinA  sin8° 48.
Using the law of cosines: Solve the quadratic equation
6> =4 + ¢ — 2(4)c cos 85°,or ¢ — (0.697)c — 20 = 0;
there is one positive solution:
@+ - bz.

2ac

B ~ cos™1(0.747) = 41.6° and C = 180° — (A + B)
~ 53.4°.

¢ ~ 4.8.Since cos B =

s=%(3+5+6):7;

Area = \/s(s —a)(s — b)(s — ¢)
= V(7 - 3)(7 - 5)(7 — 6)

= V56 ~ 7.5.

b, = 2x = 2 cos 6 units wide, and the height is
h = y = sin 0 units. Either use the formula for the

1
area of a trapezoid, A = E(bl + b,)h, or notice that

the trapezoid can be split into two triangles and a
rectangle. Either way:
A(#) = sin 0 + sin 0 cos § = sin (1 + cos 6)

1
=sin 6 + Esin 26.

(b) The maximizing angle is 6 = % = 60°; the maximum

3
area is Z\/g ~ 1.30 square units.

68. (a) Substituting the values of a and b:

S(0) = 6.825 + 0.63375(—cot§ + V3 - csc 6)

0.63375(V/3. — cos )
sin 6

= 6.825 +
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69.

70.

71.

72.

73.

‘Vﬂ

[0,9.4] by [-62,62]

(b) Considering only angles between 0 and 7, the minimum
occurs when 6 ~ 0.955 rad ~ 54.75°.

(¢) The minimum value of S is approximately
$(0.955) ~ 7.72 in.?

(a) Split the quadrilateral in half to leave two
(identical) right triangles, with one leg 4000 mi,
hypotenuse 4000 + /4 mi, and one acute angle 6/2.

0 4000
Then cos 5T 2000 + 1 solve for A to leave
4000 0
= os ©on) — 4000 = 4000 SeCE — 4000
6 4000 20
— = =2cos [ = ] ~ 0.62 ~ 35.51°.
(b) cos2 42Oo,sou cos (21) 0.6 35.5

Rewrite the left side of the equation as follows:
sin x — sin 2x + sin 3x
= sin x — 2 sin x cos x + sin(2x + x)
= sinx — 2sin x cos x + sin 2x cos x + cos 2x sin x
= sin x — 2 sin x cos x + 2 sin x cos® x +
(cos® x — sin? x) sin x
= sin x — 2 sin x cos x + 2 sin x cos* x +
sin x cos® x — sin® x
= sin x — 2sin x cos x + 3 sin x cos? x — sin® x
=sin x (1 — 2 cos x + 3 cos? x — sin® x)
= sin x ((1 — sin® x) — 2 cos x + 3 cos® x)
= sin x (cos> x — 2 cos x + 3 cos? x)
= sin x (4 cos” x — 2 cos x)
=2sinxcosx (2cosx — 1)
=sin2x (2cos x — 1)

Sosin2x =0or2cosx —1=0.Sox = ngor
T .
x= % 3 + 2n7r, n an integer.

The hexagon is made up of 6 equilateral triangles;
using Heron’s formula (or some other method), we
find that each triangle has area V24(24 — 16)°

= V12,288 = 64\/3.The hexagon’s area is therefore
384V/3 cm?, and the radius of the circle is 16 cm, so the
area of the circle is 2567 cm?, and the area outside the
hexagon is 2567 — 384\/3 ~ 139.14 cm?.
The pentagon is made up of 5 triangles with base length

1
12 cm and height of 6 tan 54° cm, so its area is 5~5-12~6

tan 54° = 180 tan 54° cm® The radius of the circle is the
height of those triangles, so its area is (6 tan 54°)%. The
desired area is area of pentagon — area of circle = 180 tan
54° — (6 tan 54°)% ~ 33.49 cm?.

The volume of a cylinder with radius » and height &

is V. = mr?h, so the wheel of cheese has volume
w(9%)(5) = 4057 cm; a 15° wedge would have

4
057 53.01 e,

. Is 1
fraction 360 24 of that volume, or

74. (a) %(cos(u —v) — cos(u + v))

1 . .
= E(COS 1 cos v + sin u sin v

— (cos u cos v — sin u sin v))

1. . .

= —(2 sin u sin v)
2

= sin u sin v

(b) %(cos(u —v) + cos(u + v))

1 . .
= E(COS U Ccosv + smusinv + Cos uCcos v

— sin u sin v)

= %(2 COS U COS V)
= COS U COS ¥
(©) %(sin(u + v) + sin(u — v))
1, . . .
= 5(sm 1 cos v + cosusin v + sin u cos v

— cos u sin v)

1
= 5(2 sin u cos v)

= sin u cos v

75. (a) By the product-to-sum formula in Exercise 74 (c),

2sinu+vcosu_v
2 2
_Z_E(Sinu-i-v-i-u—v
2 2
u+ov—(u-—-o
R

= sinu + sin v

(b) By the product-to-sum formula in Exercise 74 (c),
u—"uv u-+o
5 08—

Z_E(Sinu—v-i-u-i-v
2 2

u—v—(u+v))

2 sin

+ sin
2

= sinu + sin(—v)
=sinu — sinw
(¢) By the product-to-sum formula in Exercise 74 (b),
u-+ov cos u—"v
2 2

21( u+v-—(u—o)
5| cos 5

2 cos

+ cos

u+v+u—v)
2

COos v + cosu
= cosu + cosv

(d) By the product-to-sum formula in 74 (a),

u+v . u—o
sin
2 2

—2 sin
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1 u+v-—(u-—-o)
—2-5<cosf
u+ov+tu—vw
—cosf)
= —(cos v — cosu)
= cosu — COSV

76. Pat faked the data. The law of cosines can be solved to

[ 2
show that x = 12, /—— . Only Carmen’s values
1 —cosé

are consistent with the formula.

77. (a) Any inscribed angle that intercepts an arc of 180° is
a right angle.

(b) Two inscribed angles that intercept the same arc are
congruent.
o
(¢) In right AA’BC, sin A’ = h;% - %.
(d) Because £~ A" and £ A are congruent,
sinA _sinA'" _ad _ 1
a a a d’
sin A

(e) Of course. They both equal by the law of sines.

a

Chapter 5 Project
1.

Chapter 5 Project 231

b =

g

[-2,34] by [-0.1, 1.1]

2. We set the amplitude as half the difference between the

maximum value, 1.00, and the minimum value, 0.00, so
a = 0.5. And we set the average value as the average of
the maximum and minimum values, so k = 0.5. Since
cos (b(x — h)) has a period of about 30, we set

b = 27 /30.5 = 0.2. Experimenting with the graph sug-
gests that 4 should be about —0.5. So the equation is

y = 0.5 cos (0.2(x + 0.05)) + 0.5.

. We set the amplitude as half the difference between the

maximum value, 1.00, and the minimum value, 0.00, so

a = 0.5. And we set the average value as the average of
the maximum and minimum values, so k = 0.5. Since

sin (b(x — h)) has a period of about 30, we set

b = 2 /30 = 0.2. Experimenting with the graph suggests
that 4 should be about -8.4. So the equation is

y = 0.5sin (0.2(x + 8.4)) + 0.5.

7. The graphs are the same.

Copyright © 2015 Pearson Education, Inc.
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